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§ 1. INTRODUCTION 


Very soon after the discovery of x-ray diffraction in crystals it was realized 
that the intensity of an x-ray reflection is influenced greatly by the degree of 
perfection of the crystal. According to the dynamical theory of diffraction 

in perfect crystals (Darwin 1914, Ewald 1917), the integrated reflection 

from the face of a large crystal is given by 


8 Ne?A? 1 + |cos 20] 
— ——-———- . . sw sw ws (LY 
Fa 2 sin 26 (1) 


3a mc? 


when the incident x-rays are unpolarized and the absorption small. 

Although in isolated instances there was quantitative agreement between 

experiment and theory, in the vast majority of cases the observed intensities 

far exceeded the values calculated on the basis of (1). Furthermore, the 

theory predicted that the angular range of reflection should be a few seconds 

of arc, whereas in most real crystals the angular range was found to be of the 
order of a few minutes of arc. 


+ In this formula, the reflecting planes are taken to be parallel to the crystal 
face; N is the number of unit cells per unit volume, F’ the structure factor 
corrected for thermal vibration, 0 the Bragg angle, e, m the electronic charge 
and mass, c the velocity of light and A the wavelength. 


202 
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These discrepancies were noticed by Darwin as early as 1914. From 
measurements of the intensity of reflection of white radiation from rock salt 
made by Moseley and himself, he concluded that this crystal could not be 
perfect. But the distinction between the perfect and the imperfect crystal 
was not fully understood till very much later. In 1922, Darwin put 
forward the first theoretical model of the ‘mosaic crystal’. With the 
introduction of this concept the difficulties were soon resolved and all the 
experimental facts could be explained in a rigorous manner. 

An ideally imperfect or mosaic crystal is supposed to be built up of a 
large number of blocks which are slightly disorientated with respect to 
each other. Each block is in itself perfect but so small that its integrated 
reflection is proportional to its volume Av and is given by 


p=QAv, 
where eee) 


q=wae() EPS 
me 


2 sin 20 

for unpolarized x-rays (see, for instance, W. L. Bragg 1949, p. 335). The 
reflections from the different blocks are taken to be optically independent, 
and therefore the total intensity reflected by the crystal is simply the sum 
of the intensities reflected by the individual blocks. However, it must be 
remembered that the contributions of the deeper blocks will be lessened on 
account of the normal linear absorption, for both the incident and diffracted 
beams would then have to travel a greater path in the crystal than they 
would have to for blocks lying at the surface. In addition, there will be 
an impoverishment of the primary beam when it passes through the crystal 
because of the fact that the energy is being constantly reflected away. 
But in an ideally imperfect crystal, the blocks are assumed to be of such 
small dimensions and so widely distributed in angle that the energy lost 
by reflection is negligible as compared with that lost by absorption. In 
such a case, it can be shown that for a symmetrical reflection from the face 
ofa thick crystal 


p= GQ). . te oe) ent 


where « is the linear absorption coefficient for the wavelength A (see W. L. 
Bragg, loc. cit.). ‘The angular range of reflection from a mosaic crystal will 
be very large, being governed by the amount of disorientation of the 
constituent blocks. 

Formulae (1) and (3) are very different. The integrated reflection from 
the mosaic crystal is proportional to the square of the number of unit cells 


+ The term ‘ mosaic crystal’ was first introduced by P. P. Ewald. 

{ In this formula and in (1), p=Hw/I, where £ is the energy reflected by the 
crystal when it rotates with uniform angular velocity w about an axis parallel 
to the crystal planes, and / is the total energy incident on the crystal in unit 
time. In (2), p=Hw/Io, where J, is the energy incident per unit area per unit 


time, 
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per unit volume and to the square of the structure factor; that for a perfect 
crystal is proportional to the first powers of these quantities. Fora strong 
reflection, p calculated on the basis of (3) may be as much as 30 or 40 times 
that calculated on the basis of (1) (see table 2). 

The ideally perfect and the ideally imperfect crystals represent the two 
limiting types. A real crystal will as a rule lie somewhere between these 
two extremes and will exhibit what is called primary and secondary extinc- 
tion. The first evidence of the existence of extinction came in 1914 from 
experiments of W. H. Bragg, who noticed that the integrated reflections for 
the strong spectra from some small pieces of diamond were not proportional 
to the volume as they should have been according to (2). He then made the 
interesting observation that diamond exhibits abnormal absorption for 
X-rays passing through it at the reflecting angle. W. L. Bragg et al. 
(1921, 1922) found a similar effect in rock salt, and demonstrated 
experimentally that the increase in absorption is proportional to the 
intensity of the spectrum. In 1922, Darwin examined the problem in 
detail and showed clearly that two distinct phenomena are operative in any 
real crystal, namely, primary and secondary extinction, both of which tend 
to reduce the intensity of the reflection. He developed formulae by means 
of which the magnitude of these effects could be estimated. In a later 
paper, W. L. Bragg et al. (1926) reviewed the various formulae and discussed 
their applicability to different types of crystals, and it is to this paper that 
we owe an elucidation of the principles governing the reflection of x-rays 
from real crystals. Darwin’s choice of the imperfect crystal model has 
proved to be fortunate, for there is ample evidence to-day to show that his 
ideas correspond closely to physical reality. 


§ 2. Primary EXTINCTION 


When a beam of x-rays falls on a perfect crystal at the reflecting angle, the 
wave reflected by each crystal plane suffers a phase difference of 7/2 with 
respect to the incident wave}. Twice reflected waves, which travel 
exactly in the direction of the primary beam, will have a phase difference of 
a relative to it and consequently will diminish its amplitude. So the 
intensity of the primary beam will fall off rapidly with increasing depth as 
though the crystal had a large absorption coefficient even if the true 
absorption were negligible, and the reflection will take place effectively from 
the ‘skin’ of the crystal. Moreover, thrice reflected waves, being opposite 
in phase with once reflected waves, will conspire to reduce the intensity of 
the reflected beam. Thus at every point in the crystal there is a dynamical 
interaction between the incident and diffracted wave-fields. The screening 
of the lower layers of the crystal at the reflecting angle and the simultaneous 
diminution in the integrated reflection brought about by this kind of inter- 


Oe a ee a ae I 

+ This can be proved by an ordinary Fresnel construction. The wave 
scattered by each atom is opposite in phase to the incident wave, but the 
Fresnel addition of the wavelets from a plane sheet of atoms introduces a 
phase change of 7/2. 
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action is known as primary extinction. At first sight it would seem that 
we have a paradoxical result in that both the transmitted and reflected 
beams decrease in intensity. The dynamical equations show that the 
energy is in fact diverted into the reflected beam, but at the same time the 
angular range of reflection becomes so exceedingly small that there is a 
resultant decrease in the integrated reflection. 

Now consider an imperfect crystal like the mosaic we described earlier 
but with each perfect block sufficiently thick to show primary extinction. 
Under such circumstances the integrated reflection from a single block will 
not be given by (2). Darwin (1922) investigated the symmetrical reflection 
from the face of a perfect plate having p planes, and found that the contri- 
bution to the integrated reflection from a volume Av is Q’ Av, where 


Ae Bits SIEM 
PY 
q being the amplitude reflected by a single crystal plane when a plane wave 
of unit amplitude falls on it. Neglecting polarization 


2Ne?d2 


mec? 
d being the spacing of the planes. Therefore to correct for primary 
extinction, Q in (3) has to be replaced by Q’. 

Equation (4) in its present form does not bring out the polarization factor 
explicitly. Hence we shall rewrite it as follows: ifp’ and pare the integrated 
reflections for unpolarized x-rays with and without extinction respectively, 
then 

p _ Q’ _ tanh A, + |cos 26|tanh |A, cos 26] 


ios A,(1 + cos? 24) See ae 
where 
Nev ¢ 
0: Skeeea ait |?'|, 
Yo 


t) being the thickness of the perfect plate, y, the direction cosine of the 
incident (or reflected) beam relative to the normal to the crystal plate 
(see Zachariasen 1945, p. 169). 
For a symmetrical reflection through a plate, the correction is (Waller 
1926) 
ea Jon41(2Ao) + |cos 26] > Jansa(|249 cos 26) 
Pn n= 
p A (1 + cos? 26) ae 
When A,)<1, p’=p, ie. primary extinction is negligible. This con- 
dition is satisfied either when to, the thickness of the perfect block, is very 
small, or when the structure factor | #'|is very small. For a given crystal, 
primary extinction is greatest for the strongest spectra. To illustrate this 
point, we reproduce here some calculations of tanh pq/pq for a few reflections 


from perfect plates of rock salt and diamond of different thicknesses given 
by Lonsdale (1947 a). 
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Both Darwin and Waller derived their expressions for a thin plate of 
infinite extent. In other words, the correction for primary extinction has 
been introduced for a crystal consisting of parallel-sided slabs. Crystals 
of this structure do not, in fact, exist. A real mosaic consists of small 
disorientated blocks. However, it is possible that so long as the individual 
blocks are not so small that the widths of the diffraction maxima produced 
by them becomes appreciable in comparison with the angular disorienta- 
tions of the blocks themselves, the formulae of Darwin and Waller might 
apply reasonably well. 


Table 1. Primary Extinction 


Rock Salt 
tanh pq/pq 
hkl d (A) gx 108 |_-—— 
ig = 10 em.| p= 10-* cm |i, =10-* cm 
200 2-814 2°05 0-14 0:85 1-00 
400 1-407 0-30, 0:46 0:98 1-00 
600 0-938 0-08, 0-81 1-00 1-00 
800 0-703 0-02, 0:90 1-00 1-00 
10, 0, 0 0-563 0-00, 0:99 1-00 1-00 
Diamond 
tanh pq/pq 
hkl q x 10° $$ 
ig = 107% cm |t,—10-* em 
lll 9-84 0-21 0:93 
220 2°85 0:45 0-98, 
Tb 1-22 0:71 0-99; 
004 1-09 0-68 0-99, 
oll 0-65 0:83 O09. 


A formula for spherical crystals is, perhaps, a better approximation to 
reality. Ekstein (1951) has treated this problem for the case of neutron 
scattering by a perfect crystalline sphere which has small but not negligible 
primary extinction. His expression, when altered to suit the x-ray case, is 


LO ea en gta P , 1+ .cos* 20 
—f =1-— —; eee Sr 7 
ine 5 ig Nba (Te i) 1 + cos? 26 a 
for unpolarized x-rays, where I’, and J, are the peak intensities of reflection 
with and without extinction respectively, and t, in this case, is the diameter 
ofthe sphere. The applicability of this formula to integrated intensities is, 
however, uncertain. 
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§ 3. SECONDARY EXTINCTION 


When x-rays fall on an imperfect crystal, the primary beam in the Bragg 
direction becomes progressively weaker on penetrating it, partly due to the 
normal linear absorption coefficient, and partly due to the fact that the 
beam is being constantly reflected away. Now consider a block in the 
reflecting position. The intensity of the radiation reaching it is reduced by 
the reflection from the parallel blocks through which the beam has passed ; 
the intensity of the reflected beam also suffers diminution in its outward 
pathinasimilar manner. The effect of this is to increase the normal absorp- 
tion of the crystal. This enhancement of the absorption at the reflecting 
angle is called secondary extinction. One can see in a simple way that 
secondary extinction will be dependent on the degree of parallelism of the 
blocks and on the intensity of the reflection. In an ideally imperfect 
crystal, the blocks are so small and their disorientation so large that the 
amount of energy lost by reflection is negligible as compared with that lost 
by absorption. 

The problem of estimating this effect appears at first to be somewhat 
similar to the case of multiple reflections and primary extinction in a perfect 
crystal, but it is in fact quite different. In a perfect crystal, there is com- 
plete coherence between the primary and reflected waves and the resultant 
effect is obtained by summing the amplitudes of the waves. In an imperfect 
crystal the different blocks are optically independent and the resultant 
effect is obtained by summing the intensities. Darwin, in the paper already 
referred to, showed that when secondary extinction is present, the absorption 
coefficient has to be replaced by the quantity yz’, where 


wi =p+gQ—g'Q?+... . 
Terms involving squares and higher powers of @ are probably negligible 
in most real crystals. Hence, for a symmetrical reflection from the 
incident side of a thick crystal having secondary extinction 


EA Q 
Po SGrr gy. | A Sa ee ee 
To bring out the polarization factor explicitly in the above formula, the 
procedure is to take the mean of the integrated reflections for the electric 
vector polarized perpendicular and parallel respectively to the plane of 
incidence, the two components being incoherent in unpolarized radiation. 
Equation (8) then becomes 


, QO. Q 
= ] us ete 
where 2(n+9Q1) — 2(u +9Q,)) (9) 
2 \2 [FP 
) ven VINE ee | 
4 Cu (<) sin 26 
an 


Q, = Q, cos? 20. 


g is called the secondary extinction coefficient. An exact description of 
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the disorientation of the blocks will be extremely difficult, but for con- 
venience, the distribution function may be taken to be of the type W(A), 


where A is the magnitude of the angular deviation from the mean. If W is 
an error function, 


i 
W(A)= Aaron) exp (— A?/2n?) 


where 7 is the standard deviation. It can then be shown that (see 
Zachariasen, loc. cit., p. 168) 


g=1/2nV/7. 
As an example, if we take 7 = 1-1 x 10-3 (4’ or arc), g = 260. 
Since gQ is proportional to |/|?, secondary extinction, like primary 
extinction, is greatest for the strongest spectra. This will be appreciated 
from the data on a single crystal of aluminium due to James et al. (1929). 


Table 2. Secondary Extinction. Integrated Reflections from 
Aluminium 


A=O-714. w= 14-35 


p x 108 (absolute) 


Calculated 
hkl : ae 
Observed % mperfect 
Perfect ee crystal 
g =300 
Il] 580 19-6 818 547 
200 436 16-2 619 450 
222 144 6:3 158 144 
400 86 4-47 91 86 
333 26-2 2-19 28-3 27:8 
600 12-2 1:31 12-0 120 
444 4-95 0-76 5-14 5-13 
~ 800 2°10 0-40 2-09 2-09 
555 1-43 0-37 £39 1-39 


The agreement between the observed intensities and the values calcu- 
lated on the assumption that there is only secondary extinction indicates 
that primary extinction is small if not absent in this crystal. sith 

In general, we may expect both primary and secondary extinction to be 
present in a crystal. In such a case, Q in (8) and (9) has to be replaced by 
Q’, where Q’/Q is defined by (5), (6) or (7). 
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§ 4. THEORETICAL DEPENDENCE OF EXTINCTION ON WAVELENGTH 
Equations (5) and (6) for primary extinction are functions of the quantity 


Tp2 
en 


aa 
mc? vy 

For a symmetrical reflection from a crystal face, yy=sin@, and since 
A/sin 6 = 2d, A, in (5) becomes independent of A (assuming, of course, that F 
is independent of A, i.e. that dispersion effects are small). Thus, by Darwin's 
theory, primary extinction is independent of wavelength. The polariza- 
tion factor in (5) varies with wavelength, and has the effect of increasing 
the extinction slightly with decrease of wavelength; but, for the range of 
wavelengths usually employed, this increase is so small that we shall neglect 
it in the present discussion. 

For a symmetrical reflection through a plate, yp =cos@; hence, A, in (6) 
involves A. Therefore, according to Waller’s theory, primary extinction 
decreases with decrease of wavelength. 

By Ekstein’s theory also primary extinction decreases with decrease of 
wavelength. 

The theories do not agree on this point, and the exact dependence on 
wavelength of primary extinction in real crystals can be decided only by 
further investigation (see §7). 

The theory is, however, quite straightforward for secondary extinction. 
gQ in (9) is proportional to A#/sin 20 but pz itself varies approximately as A3. 
Hence the ratio of secondary extinction to absorption increases with 
decrease of wavelength. 


§ 5. EXPERIMENTAL STUDIES OF EXTINCTION—GENERAL SURVEY 


We shall now outline some of the information on crystal perfection 
obtained from measurements of absolute integrated intensities of x-ray 
reflections. 

Experiments have established that highly perfect crystals which reflect 
X-rays exactly as required by the dynamical theory of diffraction in ideal 
crystals do exist. Notable examples are some specimens of diamond 
(W. H. Bragg 1921), calcite (W. H. Bragg 1915, Allison 1932, Parratt 1932) 
and rock salt (Renninger 1934). Such crystals are, however, extremely 
rare. Most real crystals approximate more closely to the mosaic than to 
the perfect type as far as their properties of reflecting x-rays are concerned. 
As arule they exhibit both primary and secondary extinction, though some 
have been found to show only the latter. There have been very few 
attempts at making a direct determination of extinction by a method which 
does not require a knowledge of the structure of the crystal. In most cases, 
the extinction has been estimated by trying to account for the discrepancy 
between the observed intensities and the intensities calculated from the 
known structure on the basis of the mosaic formula. Extinction effects 
have also been studied with the object of determining block size in annealed 
material. For instance, it is found that strong low-angle lines in x-ray 
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photographs of metal powders are weaker for annealed material than for 
cold worked material (Lang 1953, Williamson and Smallman 1955). How- 
ever, estimates of block size and degree of perfection are difficult and 
necessarily inaccurate, since the presence of dislocations and strains will 
reduce the extinction by an amount which is by no means easy to calculate. 
In theoretical work, the block model of the mosaic was chosen for mathe- 
matical convenience. Such a structure is often only approximately 
realized in actual crystals. Imperfections can be caused by warping, 
clusters of vacancies, stacking faults, variation of lattice parameters, 
impurities and many other reasons. Anything that prevents an exact 
regularity of arrangement from persisting over more than a few thousand 
atomic planes will result in the crystal reflecting x-rays like a mosaic. 
Taking these factors into consideration, it is indeed remarkable that even a 
few highly perfect crystals of the size of a few millimetres or more have 
actually been found in nature. 

The intensity of an x-ray reflection is extremely sensitive to surface 
treatment. Rubbing, grinding and mechanical polishing may increase the 
intensity of reflection by several times and can change a perfect crystal into 
an ideally imperfect surface (Renninger, loc. cit., Sakisaka 1930, Evans et 
al. 1948, Gay et al. 1952). Both the average size of the blocks (primary 
extinction) and their relative orientation (secondary extinction) will be 
altered by surface treatment. An important point which emerges from 
studies of this type is that the state of the surface of the crystal will almost 
certainly not be representative of its interior. 

Thermal treatment also influences the intensity of a reflection very 
greatly. James (1925) found that the intensities of the low-order spectra of 
rock salt were decreased permanently when the crystals were heated for 
some time at about 600°c. The decrease could be explained as due to 
primary extinction caused by recrystallization of the mosaic at high 
temperature. That this explanation was true was confirmed by the fact 
that the decrease in intensity was greater for the stronger spectra. A similar 
effect has been detected in annealed metal powders. Dipping certain 
organic crystals in liquid air, on the contrary, increases the intensity of the 
reflection considerably. The sudden fall of temperature causes a type of 
shock, destroying the perfection of the crystal and breaking it up into a 
mosaic (Lonsdale 1947b, 1948). 

In view of the variety of factors which affect the intensity of an x-ray 
reflection, the problem of assessing crystal perfection is a very complex one. 
In the present report we are interested in the phenomenon of extinction 
mainly from the point of view of crystal structure analysis. Therefore, we 
shall not deal with the texture of crystals in detail, but reference may be 
made to a review article by Hirsch (1956) for a thorough discussion of the 
different aspects of this subject. We shall consider only a few experiments 
which have attempted to correct for extinction in the course of the deter- 
mination of the electron density distribution in crystals, and a few others 
which throw light on the degree of perfection of large single crystals. 
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§ 6. DETERMINATION OF SECONDARY EXTINCTION 


The first experiment for making an actual estimate of extinction was by 
W. L. Bragg et al. (loc. cit.). They measured the absolute integrated re- 
flections from rock salt with the object of determining the scattering factors 
of Na and Cl experimentally. When they plotted fy, and f,, against sin @, 
they found that for small angles the curves for both Na and Cl were about 
20°, lower than the expected values of 10 and 18 respectively (assuming that 
both the atoms are ionized in the crystal). Realizing that this discrepancy 
was due to the enhanced absorption of the crystal at the reflecting angle, 
they proceeded to determine the effective absorption directly. In order to 
do this, they measured the integrated intensities from a number of plates 
of different thicknesses cut from the same crystal of rock salt so that the 
reflecting planes were normal to the faces. The integrated reflection in the 
presence of extinction in such a case is given by 


p =Q’ T sec 6 exp [—(u+gQ’) T sec 8], 
where 7’ is the thickness of the plate. Therefore, 
log (p'/T' sec 8) = —(u+gQ’) T sec 6 + const. 


For any reflection, the plot of log (p’/7'’ sec @) against 7’ should be a straight 
line, the slope of which is proportional to (u+gQ’). Table 3 gives the values 
of gQ’ obtained by them for a particular specimen of rock salt. 


Table 3. Secondary Extinction in Rock Salt 
RhK, radiation. j= 10-70 


Effective Secondary eerie ge 
hkl absorption coefficient | extinction i) iinet Pp 
7! as arbitrary 
(u+9Q’) gQ units) 
200 16-30 5-6 100 
220 13-60 2-9 50-5 
400 12-66 1-96 19-9 
600 10-72 0-02 4-9 


The approximate proportionality between gQ’ and p’ (within experimental 
limits) is a proof of the essential correctness of their theoretical deductions. 
It was gratifying to find that when the measured scattering factors were 
corrected for extinction, they tended much more towards the expected 
values. 

This method makes it possible to correct for secondary extinction (9Q’), 
but not for primary extinction (Q’/Q). When the crystal exhibits appre- 
ciable primary extinction as well, the method may prove to be unsatisfac- 
tory even for determining the secondary coefficient, as was found by Bragg 
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and West (1928) with topaz. The plot of log (p’/7'sec 6) versus 7’ did not 
give a straight line and it was not possible to judge the slope accurately. 
The explanation for this is that when the crystal, which is fairly perfect, 
is ground, the surface layers are rendered imperfect while the interior still 
remains undisturbed. Thus the thinner the plate the greater the fraction 
of its volume which is likely to show only secondary extinction, and since 
the property of the plate as a whole varies from one value of 7’ to another, 
the experimental points will not lie on a straight line. 

In practice it may not always be possible to obtain good plates of crystal. 
James and Firth (1927) suggested another method which will give the 
secondary extinction coefficient by direct measurement without any need 
to destroy the crystal by grinding it. The absolute integrated reflections 
are measured for two wavelengths A, and A,. If dispersion is negligible for 
these two wavelengths, @,/Q. is a known quantity. The ratio Q,/Q, and 
the two relations 


Pi =Qy/2(41 +991) and pz’ = Qo/2(u2 +92) 


give three equations from which Q,, Q. and g may be solved. James and 
Firth used rhodium and molybdenum radiations to measure the secondary 
extinction in rock salt and got good agreement with the previous method. 


§ 7. DETERMINATION OF PRIMARY EXTINCTION 


Recently Weiss and De Marco (1958) have developed a method of cor- 
recting for primary extinction. The aim of their investigation was to 
measure the atomic scattering factors of Cu, Ni, Co, Fe and Cr in order to 
determine their outer electron configurations in the solid state. The free 
atom configurations in all these metals consist of an ‘argon core’ plus elec- 
trons in the 3d and 4s states. They assumed that the ‘argon core’ is 
essentially unchanged in the solid, and therefore their procedure was to 
‘measure the absolute scattering factors and to subtract the contribution 
of the ‘argon core’ as calculated by self-consistent field techniques for the 
free atom. 

They obtained absolute intensity data by measuring the symmetrical 
reflection from the face of a thick crystal. In passing, it may be remarked 
that this is the most convenient way of measuring absolute intensities of 
reflections, the integrated reflection without extinction being given by 
Q/2, provided the surface of the crystal is perfectly flat and exactly parallel 
to the reflecting planes. Non-parallelism can be corrected for by reversing 
the incident and diffracted beams and averaging the two integrated re- 
flections (W. H. Bragg 1914). The effect of deviations from flatness is, 
however, extremely difficult to calculate. Weiss and De Marco overcame 
that by polishing the crystal surface to a mirror finish with fine diamond 
dust. 

From the reflection curve, they estimated the angular disorientations of 
the blocks in the mosaic to be of the order of $° and concluded that secondary 
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extinction was negligible. To correct for primary extinction, they assumed 
a first order correction term of the type 

LF" 

FP 
where | F” |is the observed structure factor without correcting for extinction, 
| F'| is the true structure factor, P is a constant which depends on the size 
and shape of the blocks and on | /'|, and K is the polarization factor. This 
expression is similar to Ekstein’s correction for primary extinction (eqn. (7)) 
and has the same dependence on wavelength. If the incident beam has 
been monochromatized by reflection from a mosaic crystal 


=1—P?K sole a eS 


_ 1+ cos? 2a cos* 20 
~ 1+ 0s? 2a cos? 20 
where a is the Bragg angle of the monochromator reflection (Lang 1953). 

Now if the absolute integrated intensity for a particular reflection is 
measured for a few wavelengths chosen so that dispersion effects are small, a 
plot of |’ ? versus KA? will give a straight line, since | F |? and P? may be 
treated as constants. This line when extrapolated to KA?=0 will give the 
true value of | F |? for the reflection. Weiss and De Marco used three wave- 
lengths (0-49 A, 0-709 A and 0-91 A) monochromatized by the 200 reflection 
from NaCl. The plot of | F’ |? versus KA* was in fact a straight line, sup- 
porting their hypothesis that the primary extinction was not very large. 

If these results are confirmed and proved to be generally true, it would 
mean that even though Ekstein’s correction for peak intensities may not 
be directly applicable to integrated intensities, the essential form of his 
expression is valid as far as the dependence of primary extinction on wave- 
length is concerned. It might be recalled that Darwin’s correction for 
primary extinction is independent of wavelength, and Waller’s correction 
varies with wavelength in approximately the same manner as Ekstein’s 
correction. 

The straightness of the line connecting | F’ |? versus KA? also indicates that 
secondary extinction was not operative in the crystal. If secondary 
extinction is also present, the method turns out to be unsatisfactory, as will 
be evident from the following consideration. If p’ is the integrated reflec- 
tion from a crystal face in the presence of secondary extinction, 

IPP on 


p  |FP (uw +gQ)” 
Neglecting the polarization factor, 


3 
2 2 2 
Qa oe FI Pe [F| 
for small values of 6. Therefore 
|r’? S?2KX2 
ae eh ey 
[FP be 


to a first approximation, where S = constant x | F |, and K is the polarization 
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factor. The plot of | #” versus K)? will no longer be a straight line since pz 
itself varies rapidly with wavelength (Authier and Warren 1956). Thus, 
when there is an unknown proportion of primary and secondary extinction 


existing simultaneously, 
ise erie (P+ ~) Kx 
[FP ee 
and the extrapolation to KA? = 0 becomes difficult. 

Weiss and De Marco obtained unexpected values for the number of 3d 
electrons in some of the crystals they examined. (The radial distributions 
of the 4s electrons in these metals are such that their scattering factors are 
negligible even for the lowest Bragg angles.) Their results have been the 
subject of subsequent discussion (Hume-Rothery et al. 1958, Batterman 
1959, Weiss and De Marco 1959, Freeman and Weiss 1959). 


§ 8. DiverGent Bram X-RAY PHOTOGRAPHY 


A direct way of qualitatively demonstrating primary and secondary 
extinction in crystals is by the use of divergent beam x-ray photography 
developed by Lonsdale (1947b). A thin crystal plate is placed in contact 
with a divergent source of x-rays and the transmission picture is recorded on 
a film placed at some distance. On such photographs, under appropriate 
experimental conditions, there is a grey background on which are white 
(deficiency) lines marking those directions in which differential absorption 
has occurred. Lonsdale found that no patterns are recorded either when 
the crystal is too nearly perfect (primary extinction) or when it is too 
completely imperfect. When the crystal is perfect, the actual amount of 
radiation removed from the primary beam is so small that no absorption 
lines are visible, though if they do appear occasionally they are sharp, 
as is to be expected. When the crystal is highly imperfect and the range of 
reflection exceedingly large, there is no noticeable difference in absorption 
in the reflecting region and consequently no lines show up. It is only with 
crystals of the more usual degree of imperfection that good patterns are 
obtained. A noteworthy fact which Lonsdale discovered is that many 
organic crystals, which are generally so brittle and soft that one would 
expect them to be mosaic in character, show appreciable primary extinc- 
tion, a point of great importance in crystal analysis. At first it was difficult 
to decide whether the absence of patterns with such crystals was due to 
perfection or a high degree of imperfection. But when the crystals were 
subjected to a thermal shock by immersion in liquid air for a few seconds, 
the white lines appeared very clearly in the photographs. This treatment 
destroyed the perfection of the crystal and broke it up into a mosaic. 

This technique provides a quick method of distinguishing between 
primary and secondary extinction without resort to accurate determinations 
of absolute integrated intensities and half-widths of x-ray diffraction 
maxima from crystals. 


376 S. Chandrasekhar on 


§ 9. Braga REFLECTION OF POLARIZED X-RAYS 
The influence of crystal imperfection on the reflection of polarized x-rays 
has been investigated by Ramaseshan and Ramachandran (1953, 1954). 
They showed experimentally for the first time that the polarization 
characteristic of a reflection depends on the degree of perfection of the 


crystal. 
When the incident x-rays are unpolarized, the integrated reflections from 


a mosaic and a non-absorbing perfect crystal are respectively given by 
I er \* 1 + cos* 26 1 + cos* =) 
wee ns ENS cy eR eed eee 
iM 5 e( yl | 2 sin 26 u( 2 
8 e 1 + |cos 26} 1+] cos 26| 
>=— eee F a =k Se RT amen HY 
PP Bn A mc [P| 2 sin 20 a 2 
If the incident x-rays are polarized with the electric vector making an 
angle ¢ with respect to the plane of incidence, 
Pus = yy (sin® ¢ + cos? ¢ cos? 28), 
Pps = Rp (sin? ¢ + cos? ¢ | cos 20 |), 


-_ 


or 
ru($) =p ms/P ms = Sin® $ + cos” $ cos® 20, 
1p(P) = Pps/Ppo = Sin? 6 + cos? ¢ | cos 26 |, 

where the subscript o refers to the case when 6=90°. Except for values 
6=0°, 45° or 90°, the above two equations are different. Thus the mosaic 
and the perfect crystal will behave differently towards polarized x-rays. 

Ramaseshan and Ramachandran used copper radiation and the 440 
reflection from a large KCl crystal (20~88°) to give monochromatic 
polarized x-rays. Perfect polarization may be obtained only if 26=90° 
(i.e. cos 20=0), but with this arrangement they had less than 1% of un- 
polarized radiation. They measured the integrated reflections for various 
values of ¢, ranging from 90° to 0°, from crystals of sodium nitrate grown 
from a saturated solution, first using a natural face and later after grinding 
it. Different values of ¢ were obtained by rotating the goniometer about 
an axis coincident with the incident beam. They obtained the important 
result that the experimental points for both the natural and the ground 
face lay between the theoretical curves r,(f) and ry(¢) versus ¢ for the 
perfect and the mosaic crystal respectively. The points for the ground face 
were very near the curve for the mosaic crystal, while those for the natural 
face were consistently higher and closer to the curve for the perfect crystal. 
Ramaseshan and Ramachandran suggested that the degree of perfection 
of the crystal may be estimated by the quantity 


re($) —ru(¢) 

rpa(p) —? m(P) 
where r,(¢) is the experimental value for the crystal, and r,,(4) has the 
same significance as r,(¢), but with the absorption of the crystal taken into 
account (Hirsch and Ramachandran 1950). The ratio was found to be 63% 
for the natural face and 20% for the ground one. 
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Similar measurements have been carried out by Chandrasekaran (1959). 
In his experiments he used the 311 reflection of copper to monochromatize 
copper radiation (26=90° 12’), thus obtaining almost perfectly polarized 
X-rays. 

' The physical significance of this empirical definition of the degree of 
perfection of a crystal is, however, rather ambiguous. A high degree of 
perfection would seem to imply that the size of the perfect blocks constituting 
the mosaic is large, i.e. large primary extinction, whereas, as we shall see 
later (§ 11), polarization measurements cannot in fact distinguish between 
primary and secondary extinction. Moreover, so far as the properties of 
reflecting x-rays are concerned, the degree of perfection of a crystal may 
vary a great deal from reflection to reflection. For instance, it is well 
known that a crystal may behave like an ideal mosaic for a very weak 
reflection and yet show considerable perfection (extinction) for a very 
strong reflection. This method of estimating the degree of perfection of a 
crystal is, for this reason, somewhat inconclusive. 


§ 10. Extinction In CrystaL ANALYSIS 


In crystal structure analysis, the specimens employed are usually very 
small and completely bathed in the incident x-ray beam. Even tiny 
crystals as a rule exhibit a small amount of extinction which reduces the 
intensities of the strongest reflections by about 30° or so. Some crystals 
show more pronounced extinction effects, but in the majority of such cases 
the specimens may be rendered imperfect by grinding or by thermal 
shock produced by immersion in liquid air. Although it is possible to 
reduce extinction by such treatment one can rarely be certain of having 
eliminated it altogether. Extinction is, in fact, a major source of error in 
the determination of a set of structure factors. In structure analysis, it is 
often found that in the final stages of refinement, the calculated structure 
factors (F.) for the strongest reflections tend to be slightly greater than the 
corresponding observed values (fy). Itis generally assumed that this is due 
to extinction. The usual procedure is to replace Fy) by F¢ for these 
reflections, or to weight the difference between them suitably, before 
proceeding with the refinement. Such methods, which seek to correct for 
extinction by a comparison of F') and F'¢, may prove to be efficacious for 
obtaining the atomic coordinates (e.g. Vand 1955, Jellinek 1958), but in all 
of them it is taken for granted that the assumed scattering factors, which are 
based on the theoretical calculations for the free atom, are unaltered in the 
molecule or crystal. If, however, the object of the analysis is the accurate 
determination of the electron density distribution and the outer electron 
configuration in the solid state, the expedient of replacing My by Fc is 
obviously unsatisfactory. 

One of the first attempts to correct for extinction errors in small crystals 
was by Robinson (1933). According to theory, the form of the reflection 
curve from an imperfect crystal is determined by the function defining the 
disorientation of the blocks in the mosaic. Since the secondary extinction 
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coefficient (g) is dependent on this distribution function, it should be 
possible in principle to measure the secondary extinction directly by 
plotting the curve swept out by the reflected beam as the crystal is rotated, 
provided the distribution of the blocks is uniform throughout the volume of 
the crystal. The method was used by Robinson to account for secondary 
extinction in crystals of anthracene. However, subsequent investigations 
have shown that, while the width of the reflection is an indication of the 
degree of imperfection of the crystal, estimates of the actual amount of 
extinction from reflection curves are liable to be very muchinerror. Fora 
crystal may consist of relatively large scale fragments which modify the 
whole reflection curve, but it is the texture of the individual fragments 
which will be responsible for extinction (see James 1954, p. 282). 

Cochran (1953) has developed a technique for correcting for secondary 
extinction which has proved to be useful in crystal analysis. When the 
integrated reflections are measured from a few crystals of different radii, it 
is generally found that the relative intensities for the strongest reflections 
(after accounting for the normal absorption) are less for the larger specimens 
because of extinction. If, for any reflection, the proportional change in the 
relative intensity is plotted against crystal radius, the points lie very 
approximately on a straight line, the slope of which is proportional to the 
intensity of the reflection, being practically zero for the weak reflections. 
The true value of the relative intensity may be taken to be equal to that for 
the smallest crystal if it is sufficiently small, or more accurately by extra- 
polating the line to zero radius. The principle of this method, which is in 
fact essentially similar to that of Bragg, James and Bosanquet, may be 
explained in the following way. The integrated reflection without 
extinction from a crystal of volume V, completely bathed in the incident 
X-ray beam, is given by 

p=AQV 
where A is the absorption factor. We shall assume in the present discussion 
that the crystal is weakly absorbing. If we express the absorption factor 
as exp (—p T'ert), where yw is the linear absorption coefficient for the wave- 
length A, and Ter; the effective path traversed by the beam in the crystal, 
the integrated reflection in the presence of secondary extinction may be 
written as 
p =QV exp [—(u+9Q) Terr] 
when the extinction is not large. Therefore 


, 


= © (1-92 Fert) Cee ery 


It is not unreasonable to suppose that 7'erz is proportional to the radius of 
the crystal, and hence a plot of the proportional change in the intensity 
versus radius should be a straight line, provided g does not vary from 
specimen to specimen. This line when extrapolated to zero radius gives 
the corrected value of the intensity. 'The method, however, makes no 
correction for primary extinction (Q’/Q). 
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It may be useful at this point to discuss the wavelength dependence of 
primary and secondary extinction in small weakly absorbing crystals. Let 
us first consider primary extinction. Assuming that primary extinction is 
expressible by a formula of the Ekstein type (see § 7, eqn. (10)), we have in 
the absence of secondary extinction 

Le’ 

FP 
Now if the integrated intensity for any reflection is measured for a few 
wavelengths chosen so that dispersion effects are small, and the different 
measurements are corrected for absorption and brought to the same 
relative scale, then a plot of | /”’ |? versus K2 will be a straight line, which 
when extrapolated to \?=0 will give the true value of | F |?. 

If the crystal suffers from secondary extinction only, the integrated 
reflection is given by (11). Neglecting the polarization factor, Q is approxi- 
mately proportional to A? | F' |?, and hence after correcting for absorption 

ay 

ER 
where S=constant x|F|. For a crystal of arbitrary shape Tere itself will 
vary from one wavelength to another, and therefore in this case |F” |? 
plotted against 7'e;, KA? results in a straight line which could be extra- 
polated to A?=0 as before. 

In the general case when both primary and secondary extinction exist 
simultaneously, 


=1]1—P?K2?. 


1— S$? Tee: KA 


ed 

lea 
Here the plot of | F’ |? versus K)? is not a straight line and the extrapolation 
to A2=0 becomes uncertain. Measurements over a variety of wavelengths 
may, however, be used to check whether the crystal is reflecting like an 
ideal mosaic. For if the observed structure factor is found to be indepen- 
dent of the wavelength, it means that both P and S in (114) are zero, i.e. 
that the reflection is not subject to extinction. 

For a symmetrical reflection through a thin crystal plate of thickness 7’, 
Ter¢=T sec0~T when @is small. In this special case, (11 a) can be used 
to correct for both primary and secondary extinction, since 7'ers may without 
sensible error be regarded as independent of A for small values of 6. A 
similar method has been applied by Gatineau and Mering (1956). 


Hest Beets! Tei KGa se 11a) 


§ 11. CoRRECTION FOR EXTINCTION ERRORS 
BY THE Usr or PoLARIZED X-RAYS 


Polarized x-rays may be used to obtain the true value of the structure 
factor in the presence of extinction (Chandrasekhar 1956, 1960). The 
principal merit of this technique is that it accounts for both primary and 
secondary extinction simultaneously in a crystal of any shape. We shall 
derive the theory for a small crystal completely bathed in the incident x-ray 
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beam, but the equations may be readily modified for any other type of 
experimental arrangement. 

We shall assume in the first instance that the incident x-rays are polarized 
perpendicular to the plane of incidence, so that the polarization factor is 
taken to be unity. For a mosaic crystal of arbitrary shape and of volume 
completely bathed in the x-ray beam, 


p=AQV 
h , 
wae yates Se dee ees 
Q=(—) — - IP: 
me?) sin 26 


A is the absorption factor given by (1/V)fexp(—pr)dV, where dV is a 
small element of volume in the crystal, r is the total path traversed by the 
beam in the crystal before and after reflection from the element of volume 
under consideration, and , is the linear absorption coefficient for the wave- 
length A. The integral can be evaluated by numerical methods if the shape 
of the crystal is known. 

Let p’ be the integrated reflection in the presence of extinction. For 
primary extinction 

p'|p=f (Ao), 
where, for Darwin’s correction, 
f (A>) =tanh A,/Ap, 

and for Waller’s correction, 


— ¥ Jensi(2Ao) 
f(dq—= y “eee, 


where 
Ay= Ne?A/me? . toy. | F |, 
to/yo being the effective thickness of the perfect blocks constituting the 


mosaic. 
For small values of Ag, 


tanh Ay eee Ait sas Z, 
a 3 15 
and 
SS J on11(2Ao) —z it A, Ao! és 
n=0 Ay 3 20 soc, ae aah 


so that, to a first approximation in both cases, 
pail fe Ne*n*t,? 
p 3mcty,” 
Substituting for p in (13), we find that the integrated reflection in the 
presence of primary extinction may be written as 
pmol lh —B| Fit. os se (a enn at 
where wis a known quantity, while 8 is unknown, since to/¥o is unknown. 
Kkstein’s formula for primary extinction is 
I'y Tien eo Sen 
pa1-2 N71 08 (=) Pal ee Mides es  egity 
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where I,’ and I, are the peak intensities of the reflection with and without 
extinction respectively, and f, in this case refers to the diameter of the 
perfect crystalline sphere. The formula for the integrated intensity in 
Kkstein’s case has not yet been worked out, but as pointed out by Lang 
(1953), it will probably differ from that for the peak intensity by a numerical 
factor in the negative term of (15) (see also§$7). So the integrated reflection 
can still be represented by a formula of the type (14) 
If the crystal suffers from secondary extinction, 


p= | exp[—(utgQyr]aV 


=@ | exp(—pr) aV—g@ | rexp(—rjaV eee LO) 


to a first approximation, where g is the secondary extinction coefficient. 
Again, since Qoc|F'|?, (16) may be expressed in the same form as (14), 
where, as before, « is known and £ is unknown, since g is unknown. 

When both primary and secondary extinction exist simultaneously, Q 
in (16) has to be replaced by Q’, where 


q'=0(1- =), 


It may easily be verified that, to a first approximation, the integrated 
reflection will then be given by 


p ies |F ie -? (Orin + Bsec) |F be 
We thus arrive at the interesting result that whatever be the type of 
extinction present, the integrated reflection for normal polarization may be 
written as 
Py Sele PB lk | Le Stee ae Pame yt) 
when the extinction is not larget. If, on the other hand, the incident x-ray 
beam is polarized parallel to the plane of incidence, the integrated reflection 
is obtained simply by replacing || by | / cos 20], since all other factors 
remain unchanged, and we have 


Pye cost 206 | F [fcost 202. «5... (18) 
Eliminating 8 from (17) and (18), we get 
[F P= Pu — Ps cost 20 ; 
a(cos? 26 —cos* 26) 
A measurement of the integrated reflections for x-rays polarized per- 
pendicular and parallel to the plane of incidence should, therefore, enable one 
to eliminate extinction effects. 


(19) 


+ The same type of expression is also valid for the integrated reflection from 
a crystal completely bathed in a neutron beam, when the extinction (primary 
or secondary) is not large. The only difference in this case 1s that u may be 
taken to be nearly equal to zero, since the linear absorption coefficient for 
neutrons is almost negligible as compared with that for x-rays. Extinction 
effects may be eliminated by the use of polarized neutrons to obtain accurate 
magnetic scattering factors (Chandrasekhar and Weiss 1957). 
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It is interesting to consider the problem from a slightly different stand- 
point. If the incident x-rays are polarized with the electric vector making 
an angle ¢ with respect to the plane of incidence, then for an ideally mosaic 
em ps|Py =Sin? ¢ + cos? ¢ cos? 26 wt vo SESE ARID) 
(see § 9), while for an imperfect crystal exhibiting extinction, we have from 
(17) and (18) 

.,, afFP(sin? ¢ + cos? ¢ cos? 20) — B|F|*(sin® ¢ + cos? ¢ cos* 26) 
Mes oJFP— AIFF 
(21) 
Fig. 1 
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ps |p,’ versus ¢ for the 200 reflection of rock salt (26=31° 48’) ; (a) no extinction, 
(b) 10% extinction, (c) 20% extinetion, (d) 25% extinction. 


Except for 26=0°, 90° and 180°, the above two equations are different. 
The variation of p,’/p,' with ¢ is shown in figs. 1 and 2 for the 200 and 220 
reflections of rock salt for A= 1-5418 4 (weighted mean of CuK, and Cuk, ). 
The percentage of extinction in these curves is defined in terms of the 
reduction in intensity due to extinction for normal polarization ; forexample, 
the curve for 10% extinction is obtained by putting B| F |!=0-la|F |? in 
(21). These curves provide an alternative method of estimating extinction 
which involves the measurement of the variation of the integrated reflection 
with angle of polarization. Although (19) provides a straightforward 
method of eliminating extinction, and is theoretically simpler, the latter 
approach is superior from the point of view of experiment, since it requires 
the fitting of a theoretical curve through a number of observed points. 
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The principle of the method may be stated physically as follows. Ex- 
tinction, whether it is primary or secondary, is greater for the stronger 
reflections. By the technique of varying the angle of polarization of the 
incident beam, we are altering the effective structure factor, and conse- 
quently the extinction, by a known quantity. This enables the extinction 
to be directly estimated. The method will obviously be more sensitive the 
greater the value of 8, as can be seen from figs. 1 and 2. For the 200 reflec- 
tion of rock salt, the presence of 25°/, extinction causes an increase in 
P, [p,’ of about 10°% (of the mosaic value), whereas for the 220 reflection 
the increase is nearly 15°. For this reason, the method will prove to be 
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py’ /p,’ versus ¢ for the 220 reflection of rock salt (20= 45° 34 ); (a4) no extinction, 
(6) 10% extinction, (c) 25° extinction. 


unsatisfactory for small values of 0, say @< 10°, the exact limit of applic- 
ability depending on the accuracy of the intensity determinations. (Fora 
detailed discussion of this point, see Chandrasekhar 1960). 

The 311 reflection of diamond (20~91°30’ for copper radiation) was 
used to obtain polarized x-rays. Intensity measurements were made 
with a Geiger counter diffractometer designed for three-dimensional x-ray 
work. The ares with the crystal under investigation were mounted on a 
vertical circle, the axis of which was collinear with the polarized beam, so 
that the plane of incidence could be rotated through any desired angle. 
Tt was realized at the outset that, as the experiment consisted of an 
accurate study of the variation of the integrated reflection with angle of 
polarization, the non-uniformity of the divergence of the diamond reflected 
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beam might be a possible source of error in the measurements. The 
following procedure was adopted to check whether any correction was 
necessary. For an ideally perfect crystal with negligible absorption 


p,/p, =sin® ¢ + cos® d|cos 26| Re oe ES), 
When 20=90°, (20), (21) and (22) become identical, and thus, irrespective 
of the state of perfection of the crystal, 


Py[Py = Sin? d. 

Any departure from the sin?¢ variation could only be due to the non- 
uniformity of the divergence and (or) the lack of perfection of polarization 
ofthe incident beam. The 311 reflection from a small specimen of diamond 
(less than 1mm diameter) was used for the measurement. It was found 
that the integrated reflection exhibited the expected variation with ¢ 
within the limits of experimental error. This was indeed a repetition of 
the early polarization experiments of Barkla, Compton and others which 
proved that x-rays consist of electromagnetic waves (see Compton and 
Allison 1935). 

Measurements were carried out on small crystals of rock salt (both 
natural and ground) to demonstrate the practical applicability of the 
method. The results obtained with one of the specimens (size 0-93 x 0-93 x 
0-221 mm) are shown in table 4. The relative values of the structure 
factors were calculated on the basis of the formula 


, A| Fons |? 
dtc eaprrery ye AE Sl 8): 
Table 4 


' F 
(ai : 
hkl | (arbitrary A < F'ops | Fovs |(Renninger| (Witte and 
units) (%) CuK,) Woelfel 
MoK,) 
200 584 0:2337 | 27 17-4 20-4 20-55 20-19 
220 252 0-1838 | 18 15-0 16-6 16-75 
180 2° 12-70 


where p,’ is the observed integrated reflection for normal polarization in 
the presence of extinction, A the absorption factor, and ¢ the percentage 
of extinction as estimated from the experimental variation of p 3 (Py. In 
the table F’ ops and Fops are respectively the observed structure factors 
before and after correcting for extinction. The values were scaled so that 
F ops(400), which was found to have negligible extinction, is equal to the 
absolute value at room temperature due to Renninger (1952) 

As there is no exact theory of primary extinction in real crystals, it is 
not possible to make a precise estimate of the errors involved in neglecting 
higher order terms in (14). However, applying the existing formulae it 
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may be shown that (21) is valid to a good accuracy when the extinction 
(primary or secondary) is not greater than 25% (Chandrasekhar 1960). 


The method can, therefore, be used for correcting for extinction errors in 
crystal analysis. 
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Crystal Stability and the Theory of Ferroelectricity 


By W. CocHRan 
Crystallographic Laboratory, Cavendish Laboratory, Cambridge 


ABSTRACT 


The phenomenon of ferroelectricity in pseudo-cubic crystals is discussed in 
terms of the normal modes of vibration. It is shown that the parameters 
which determine the lattice vibrations of a diatomic ionic crystal may be 
chosen in such a way that the crystal will exhibit ferroelectric properties, and 
that ferroelectric or anti-ferroelectric transitions may be regarded as the 
result of an instability of the crystal for a certain normal mode of vibration. 
The theory is extended to apply to other cubic crystals, including barium 
titanate, and the concepts of ‘ ionic polarizability ’ and ‘a polarizability 
catastrophe ’ are discussed in terms of lattice dynamics. Certain of the para- 
meters which appear in Devonshire’s phenomenological theory of ferro- 
electricity are found to be expressible in terms of atomic parameters. Values 
for the latter which are physically reasonable are found to account quite well 
for the dielectric properties of barium titanate and for the relative movements 
of the atoms which occur at the cubic-tetragonal transition. The lowest di- 
electric dispersion frequency is calculated to be about 3x10" c.p.s. for 
barium titanate, and to be a function of temperature in the cubic phase. 
Other predictions of the theory are discussed. 


§ 1. INTRODUCTION 


THE main thesis of this paper is that a ferroelectric or an anti-ferroelectric 
transition in certain crystals is the result of an instability of the crystal for a 
certain normal mode of vibration, and can be treated as a problem in lattice 
dynamics. We therefore begin with an outline of the conditions for 
stability of a crystal, and of the theory of the lattice dynamics of simple 
ionic crystals of the sodium chloride or of the caesium chloride type. In 
§ 2 we show that it is possible to choose the parameters which determine the 
lattice dynamics of such a crystal in a way that will cause it to exhibit the 
properties of a ferroelectric crystal of the barium titanate type. Section 3 
is concerned with some general results on the lattice dynamics and dielectric 
properties of cubic crystals; in § 4 itis shown that these results are consider - 
ably simplified for crystals which are ‘diagonally cubic’ in symmetry. 
In § 5 we consider the problem of the lattice dynamics of BaTiO,, and the 
conditions for the three ferroelectric transitions. Finally we discuss 
possible experimental tests of the theory. 

It may be shown that a cubic crystal with one atom in the (primitive) 
unit cell is stable for homogeneous deformations if the elastic constants 
satisfy the conditions ¢y>0, ¢>0, Cy" >9, Cy+2¢.>0. This 
however does not ensure the stability of the crystal against other types of 
small deformation, indeed it does not even ensure the stability of a crystal 
with more than one atom per unit cell against all types of homogeneous 
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deformation. Born and Huang (1954) point out that a crystal will be 
stable for all small deformations if all the normal modes have real fre- 
quencies. ' 

In the Born—von Karman theory of lattice dynamics the energy perturba- 
tion of a crystal, as a result of small displacements of the nuclei, is assumed 
to be 

@=-1)> > O,, ((K,UK’)u,([K)u UK’). eee aL 
Ka VK’y 
Here u(lK) is the displacement of the Kth nucleus in the /th unit cell, and 
©,,, (LK, IK’) may be called a force constant between atoms (LK) and (l'K’). 
The equations of motion, when expressed in terms of normal coordinates, 
lead to relations such as 


myw?U .(K) = 2M alKK) UK). Meare ghey 


In order to obtain these results each displacement is expressed as a sum 
of displacements of the type 


U,(K) expi(q.r (LK) —oat) 
where q is the wave vector (q= 27/A) and w the circular frequency (27v) of a 
normal mode of vibraton, and r (/K) is the equilibrium position of an atom 


(LK) whose mass is m,. The quantities W,,(KK’) will be referred to as 
coefficients, they are functions of q and of the force constants, defined by 


M,,(KK')=— > ®,, (1K, IK’) expiq. (r(’K’) —r(LK)). (1.3) 
" 


In the particular case where q= 0 each coefficient W,,,(KK’) is, apart from 
a change of sign, simply a sum of force constants. Such sums may con- 
veniently be referred to as force constants per atom between Bravais arrays, 
since they determine the forces which act when all atoms of the same type 
(i.e. having the same index K) are given equal displacements. 

The condition for the solubility of the set of Eqns. (1.2) is 


M (11) — mo? MLL) es oS (TA) 
Sot ee eee MEE) eee ee 
M81) mieten ean M,,(nn)—m,,w? 


The solution of this equation gives the dispersion relation, that is, w as a 
function ofq. For each value of q there are of course a number of values of 
w, in general 3n, where n is the number of atoms per unit cell. The con- 
dition w* > 0 is satisfied for any value of q if all the principal minors of the 
3n x 3n matrix whose elements are the corresponding coefficients M,,(KK’), 
are positive. A full account of the theory is given by Born and Huang 
(1954); the above summary mainly serves the purpose of introducing 
quantities which appear frequently in subsequent sections. 

It has been shown by Power (1942) that a crystal having a face-centred 
cubic structure, with one atom in the unit cell, is stable for all deformations 
if it is stable for homogeneous deformations, that is, in this case, if the 
elastic constants satisfy the conditions mentioned in our second paragraph. 
Force constants between nearest neighbour atoms only were taken into 


Crystal Stability and the Theory of Ferroelectricity 389 


account in Power’s investigation. Thompson (1953) has discussed the 
melting of an ionic crystal in terms of the Born—von Karman theory, but 
only the possibility of an instability against acoustic modes of vibration was 
considered. We show later that it is possible for an ionic crystal to be 
stable for certain homogeneous deformations, and to exhibit quite usual 
values for its elastic constants, and yet be unstable or nearly so for certain 
other normal modes of vibration. 

The theory of the lattice dynamics of ionic crystals having the sodium 
chloride type of structure has been developed by Kellermann (1940) and 
others, using methods due largely to Born and his collaborators. It has 
recently been extended by Woods ef al. (1960) to take into account the 
polarizability of the ions and the fact that the short-range ‘ overlap’ force 
between ions depends on their state of polarization, and conversely. The 
comparative success of this theory in accounting for the dispersion relations 
of sodium iodide (Woods et al. 1960) and also of germanium (Brockhouse 
and Iyengar 1958, Cochran 1959 b), leaves no doubt that the dipole moment 
of an atom in a crystal is not entirely determined by the effective field, but 
also directly by the displacements and dipole moments of neighbouring 
atoms. Previous work on the theory of ferroelectricity has not taken this 
feature into account. The theory of Woods, Cochran and Brockhouse was 
developed by considering each ion to consist of a core, coupled by an iso- 
tropic force constant to a shell which represents the outer electrons (Dick 
and Overhauser 1958). It was, however, pointed out that the same final 
results may be obtained by expressing the energy perturbation (eqn. (1.1)) 
as a quadratic function of the nuclear displacements and the atomic dipole 
moments. In this paper we shall use the nomenclature of the shell model, 
as it is the simpler of the two types of approach. 

For certain crystals the problem of deriving the normal modes of vibra- 
tion in terms of the force constants is greatly simplified when the wave- 
vector q is in a symmetry direction, such as [100], [110] or [111] for the 
sodium chloride type of structure. This comes about from the fact that 
when q is along [100] for example, the direction of displacement of the atoms 
in a normal mode is determined by the symmetry of the crystal and not by 
the force constants. The displacements can only be parallel to [100] 
(longitudinal mode) or parallel to [010] or [001] (transverse modes), and all 
atoms in any one (100) lattice plane move in phase. The force constants 
involved may then be regarded as force constants between planes of atoms, 
and the problem becomes similar to that of the linear chain, which provides 
the standard introduction to lattice dynamics. In other words the set of 
eqns. (1.2) reduces to three separate sets, and the sixth-order determinant 
factors to give three equations each of order two, of which one gives the 
dispersion relation for the longitudinal mode and the others give identical 
solutions for the two transverse modes, (when q is parallel to [100]). A 
further simplification is possible when y=0. For any such mode all atoms 
of the same type have the same displacement and the only force constant 
involved, for a diatomic crystal, is that between the two Bravais arrays of 
atoms such as sodium and chlorine. It is with such modes of vibration 
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that we are concerned in this paper, since they determine the dielectric 
properties of a crystal. 

We illustrate the above remarks, and the effect of using a shell model for a 
polarizable atom, by deriving in an elementary way the frequency of the 
transverse optic mode for which q=0, in a diatomic cubic crystal. For 
simplicity only the negative ion will be taken to be polarizable, and the 
non-Coulomb forces (such as ‘overlap’ forces and covalent bonds) will be 
assumed to act through the shell, and not the core, of the negative ion 
(a quite general derivation is given in a later section). There are then three 
Bravais arrays, comprising respectively the positive ions and the cores and 
shells of negative ions. Their equations of motion, for this particular 
mode, may be written ) 


4 
My tl, = Ro(V.— U4) + a Hat HB 
Melly = k(¥y— Up) + = PXe, ee 


4 
0 =k(u,g—V2) + Ry(uy — Ve) + oe 


Here w,, wu. and v, are the displacements from their equilibrium positions of 
positive ions and the cores and shells respectively of negative ions. Ze, 
Xeand Ye are the corresponding charges, where e= + 4-80 x 10-1 e.s.u. and 
X+Y+Z=0. The forces have been separated into Coulomb forces, which 
depend on the polarization P, and short-range forces specified by a force 
constant A, (in the notation of later sections Ry=R,,= —R,,) per atom 
between arrays displaced a relative amount v,—w, (shells and positive 
ions), and a force constant k between the shell and core of a negative ion. 
The third equation specifies that the shells always occupy positions of 
equilibrium corresponding to the instantaneous configuration of the 
nuclei. The direction of q may be thought of as along [100], with the 
atoms displaced parallel to [001]. On writing 


U, = U, exp (—iat), etc., P=Pexp(—iat), 
and rearranging the equations, one obtains 


myo*U, = Ry(U,— Us) + Ry(Oy—Va)— 2 9 Ze, 
mw*U = Ro(U,—U;) + Ry(V2— U5) + = P Le o> (145) 


0=Ry(U,— Uy) + (ke-+ Ry)(Va—U)— 2 P Ye 
or on eliminating V,—U,, 


myw*U, = Ry'(U,—U,)— = Pile, 


| ve ee thle 
Mow? Us = Ro'(U,—U,)+ rt F Ze, 
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where 

ra , VR 
yo Rey (ee, 
However from F = (e/v)(ZU,+XU,+ YV,), (where v=unit cell volume), 
and the third of eqns. (1.5), one finds that 


47 ( Ye)? “'e 
Th Wea SESE REY peiaieay § § eae el oes en (LE 

{ ee v 2 ue) 
Consider now the situation when an effective field H=& exp (—tpt) exists 


in the crystal, and the frequency p is such that the cores do not move 
appreciably. The equilibrium of any shell is determined by 


€VYe=(k+R,) Vo 
and the polarization is given by 


<lign 2 = lee Sits hie, Tee 


pas 
v 

from which we see that the electronic polarizability a, of the negative ion, 
on the basis of the shell model, is 
ime 1 6)? 
Say 
The polarizability is, however, related to the high-frequency dielectric con- 
stant <e by the Clausius—Mossotti formula 


Xe = 


(1.9) 


Ande ee 1 


(1.10) 


3U epee or 
so that eqn. (1.8) becomes 
Z'e(€e + 2)(U, — U2) 
3v 
On substituting this value of F into eqns. (1.6) and eliminating U, and U,, 
one obtains 


P= (1.11) 


Am(€e + 2)(Z’e)? 
p= Ry = ( a ) ‘ 
The suffix T has been added to emphasize that we are dealing with a trans- 
verse optic mode, and w=m m,/(m,+m,). It should be noted that the 
replacement of R, and Ze in eqn (1.12) by effective values FR,’ and Z’e does 
not result from the fact that the ions are polarizable in an electric field, 
but from the fact that dipoles are generated by the short-range interaction 
in the course of the lattice vibrations. The frequency of the longitudinal 
optic mode for which g=0 can be derived in the same way, taking into 
account the presence of a macroscopic field —47P in addition to the 
Lorentz field (47/3) P (Bornand Huang 1954). The result obtained is 
m(€e+2)(Z'e)* 

9V €@ ; 


a (1.12) 


8 
wo, *= Ro + (1.13) 


Equations (1.12) and (1.13) have already been obtained by Woods et al. 
(1960) as special cases of the dispersion relation (w as a function of q) which 
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applies when q is in a symmetry direction. This more general relation is 
found to involve only the parameters Ro, Z, Z’ and ae, provided that the 
short-range interaction is between nearest-neighbour atoms only (a 
restriction which we did not make in deriving (1.12) and (1.13), which are 
also independent of Z). The parameter Ry is then related to the com.- 
pressibility 8 by Ry=6r9/B, where ry is the nearest-neighbour distance in a 
sodium chloride type structure. With Z=1 all the parameters involved 
are therefore determined by the compressibility 8 and the static and high- 
frequency dielectric constants ¢s and €¢ respectively of the material. The 
dispersion relations determined by experiment for sodium iodide are in 
rather good agreement with the theory (Woods ef al. 1960). 

A relation between the frequencies w, and w, and the dielectric con- 
stants es and «ep was first derived by Lyddane et al. (1941); it is 


mn ES ee spas “on ied Ug 

wry Ee 
The significance of this result for the theory of ferroelectricity appears to 
have been overlooked, except by Fréhlich (1949), who makes a brief 
comment. From eqns. (1.14) and (1.12) we see that ¢;= cif 
4i(€e + 2)(Z’e)” 
For a real alkali halide crystal these two quantities are of the same order of 
magnitude, but Ry’ is about twice as great as the other. If they were equal, 
the crystal would be just unstable for the transverse optic mode of 
wave-number zero. It is interesting to note that this condition may be 
approached without the crystal becoming unstable for any other mode of 
vibration, even when the short-range forces act only between nearest 
neighbours. A numerical calculation has been made, using the formulae 
given by Woods eé al. (1960) with B=7-16x 10- c.g.s., ae=0-01 v, 
Z'=Z=1 and values for the remaining parameters (such as ry) which 
correspond to those of sodium chloride. The above value of 8 is about 
twice as great as the true value. The calculated dispersion relations are 
then as shown in fig. 1. Most frequencies are comparatively normal, but 
w, is just zero. A slight decrease in the value of 8 would raise w, to a 
positive value, and reduce e, to a finite value. The fact that all frequencies 
are real in this instance when q is ina symmetry direction does not of course 
prove that all are real for general values of q, but an examination of 
Kellermann’s results (1940) makes this seem very likely. In any case such 
an instability or near-instability, arising first for the T.O. mode of wave- 
number zero, is more likely to occur when there are also short-range force 
constants between other than nearest-neighbour atoms. If for example 
there is a short-range interaction between neighbouring positive ions, all 
frequencies are increased, except when g=0. A detailed algebraic analysis 
of this point will not be given, as the situation may be understood physically 
as follows: in an optic mode of wave-number zero the two Bravais arrays 
carrying type | (positive) and type 2 (negative) ions remain undistorted, 


Ry = 
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> [110] 


Frequency w versus wave-vector q for q in each of three symmetry directions. 
Except when q is in the [110] direction, each transverse mode is de- 
generate. The parameters determining w(q) have been chosen so that 
the frequency of the T.O. mode is zero when q=0. 


P.M.S. 2H 
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and vibrate against one another. Any force constants between atoms of 
the same type are therefore ineffective and eqns. (1.12) and (1.13) remain 
valid. All other modes of vibration involve a distortion of one or (usually) 
both Bravais arrays, and their frequencies will be raised by suitable force 
constants between like atoms. It is therefore possible in principle for all 
normal modes to exhibit quite usual values of w, except for the T.O. mode 
at, and near to, q=0. 

An instability may arise for a value of q other than zero. For example 
the equations of Woods et al. (1960) may be used to show that in certain 
circumstances a crystal of the caesium chloride type will become unstable 
against a transverse mode for which q is at the point (3, 0, 0) in reciprocal 
space. In this mode the atoms move as shown in fig. 2, with one Bravais 
array remaining undistorted. By analogy with results which we give in the 
next section, this type of instability would result in a transition to an 
antiferroelectric phase. However, we shall not deal with the topic of 
antiferroelectricity in this paper. 


Fig. 2 


| Serene 


Movement of the atoms in a CsCl type of structure in a transverse mode for 
which q is at the point (3, 0,0) in reciprocal space. The wavelength of 
the vibration is thus twice the unit cell dimension. 

To summarize, an ionic crystal having the NaCl or CsCl type of structure 
may in principle exhibit quite a normal relation between frequency and 
wave-number except in a limited range of values ofq. An abnormally low 
value of w can occur in the T.O. mode when g=0, and in other modes for a 
few other values of q which depend on the crystal structure but which 
inspection shows will usually occur when q is in a symmetry direction and at 
the boundary of the Brillouin zone. 


§ 2. FERROELECTRICITY IN SIMPLE IonIc CrysTALs 

No alkali halide in practice exhibits ferroelectric properties, but for the 

purposes of illustration we continue to consider this type of structure 
Suppose the force constants are such that 

4rr( Ee -|- 2)(Z'e)? 


2 ' 
HL, = R a . . . 
T 0 Ov ° 


(1.12) 
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is close to zero, but other frequencies are comparatively high. Until now, 
our results have been based on the harmonic approximation. It is however 
known (see for example Leibfried 1955) that one effect of the anharmonicity 
of the lattice vibrations is to make parameters such as R, linearly tempera- 
ture-dependent. The unit cell volume v exhibits a similar dependence for 
the same reason, and on the basis of the shell model at least, this will also 
be the case for Z’. Accordingly we write 


eee) ee ee TT ye), A} 


where y is a temperature coefficient of the same order of magnitude as the 
volume coefficient of expansion, and 7’. is the temperature at which the 
crystal will just become unstable. For the sake of simplicity in subsequent 
discussion we shall think of Ry’ as being independent of temperature, so 
that the other term in eqn. (1.12) is responsible for the temperature varia- 
tion—this is not of course a necessary assumption. From egns. (1.12), 
(1.13) and (1.14) one finds that 


4r(€e + 2)2 (Z'e)? 


2. 
Sopa” ( 2) 


cso 


which is one of Szigeti’s equations (1949, 1950). We therefore have, 
from eqn. (2.1), that 

Aor(€o + 2)%(Z'e)? 
WR, y(T = Tc) ; 
Comparing this with the Curie-Weiss law in the form 


4nG 
T—Te 
(see for example Kanzig (1957), p. 24), we identify the constant «’ as €e, 
while the Curie constant is 


Es = €e 


(2.3) 
€ég=e + 


cet 2)*(Z'e)® (eo +2) 


(€¢ 
C= 2.4 
9uRy y Airy a9) 


If the crystal is not to disrupt exponentially with time, a transition to 
another structure must take place at or above the Curie temperature 7’¢, 
and the transition must have the effect of raising w,. This will be the 
case if the short-range force between the two Bravais arrays is neither 
precisely harmonic, as we have already assumed, nor precisely isotropic. 
Guided by Devonshire’s work (1949, 1951, 1954), we take the short-range 
effective potential between the two Bravais arrays, when the cores are 
displaced a relative distance u, to be 


O, a ah’ (w," a Uy? ar Uz”) oe tBu," a0 Uy! ns U,") 1 $B" (u,§ a0 u,° ay uU,) 
Sc Ney UP ink BU Sel Bela ct] Palle el he Soy Veen ocean ee oe (2.5) 


The assumed dependence of ®, on u is physically reasonable, and only the 
presence of the fourth term calls for comment. Its probable physical 
origin will be pointed out later. The frequency of transverse vibrations of 


2E2 
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small amplitude will still be given by eqn. (1.12), and es of eqn. (2.2) will be 
the dielectric constant for small applied field. 
For the present we restrict u to be in the [001] direction. In fig. 3(a) 

we plot the restoring force 

Rut Bui + Bu? 
and the displacing Coulomb force 

477(€o+ 2)(Z’e)2u 

7) 

against wu (remembering that w=wu,). The curvature of the former force is 
much exaggerated, and we have taken B to be negative. From eqn. (1.12) 


Fig. 3 
(a) (£) 
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Restoring force and displacing force (straight line) as a function of displacement 
u. (a) Temperature above the transition temperature, (b) at the 
transition temperature. 


the value of w,,2 is proportional to the difference of slope of the two lines at 
the origin, while the value of ¢«s is inversely proportional to the same 
quantity. Asthe temperature decreases, the slope of the lower line increases 
until the two lines intercept at a finite value of wu as well as at the origin. 
Stable, but anharmonic, oscillations of the two Bravais arrays about this 
value of w are possible. This represents a first-order transition to a phase 
having tetragonal symmetry. The transition will not however take place 
until the free energies of the two phases are equal. This will in fact occur 
at a temperature 7't, such that the areas shown shaded in fig. 3 (b) are equal 
to one another. Above the temperature 7't, the cubic crystal is stable, 
between 7'tr and 7’. it is metastable and below 7’, it is unstable. At the 
transition the relative displacement of the two Bravais arrays is wtp 
(fig. 3 (b)), and the new value of e; is inversely proportional to the difference 
in slopes at w= utr of the two lines of fig. 3(b). Diagrams similar in principle 
are of course already familiar from Devonshire’s phenomenological theory 
of ferroelectricity, but the interpretation given here is different. Our 
object in choosing the expression (2.5) for the short-range potential was of 
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course to show that the atomic mechanism which we propose here leads to 
Devonshire’s theory. This has already been foreshadowed by Devonshire’s 
own work (1949), in which however the atoms were taken to move inde- 
pendently of one another (the Einstein model ofa crystal). Thesameis true 
of Slater’s theory (1950). Since the publication of a short note on this 
subject (Cochran 1959 c) I have received the manuscript of an unpublished 
paper by P. W. Anderson (1958). By an analysis based on lattice dynamics 
Anderson arrives at conclusions similar in principle to those given above ; 
in particular he associates a ferroelectric transition with an abnormally 
low transverse optic mode of vibration at g=0, resulting from the near- 
cancellation of short-range and Coulomb interactions. 

We next consider the behaviour of the crystal in a static applied electric 
field E,, and the connection with Devonshire’s theory. Since the frequency 
of the applied field is zero, there is no distinction between u and U, or 
between P and Y. To emphasize the fact that we are dealing with static 
displacements we shall use uand P. The effective field is given by 


ESegy oP. An ey ee On 


The equilibrium displacement of the two arrays is then determined by the 
balance between short-range and electrostatic forces, expressed by 


Let —hy Uz, BuP +B ui +B" u, (ug tu) » ~ ~(2.7) 


and two similar equations. 

The polarization is given by 

poe (ee+ 2)Z’eu, 
a 3v 

and two similar equations. 

That Z’ and not Z should appear in eqn. (2.7) has been shown by Woods 
et al., (1960). It also follows from eqn. (4.6), derived later. Hquation (2.8) 
is a special case of the general eqn. (3.33), derived later. From eqns. (2.7) 


and (2.8) we have that 
Zie {(Hs). + a +4.) (eo )} =R, u,+Bu2+Bu, 


+ Bo u,(u,? +,,"). 


(€e— 1) 
4a 


+(Ea)z (2.8) 


Using eqn. (2.1) we therefore have 
\(Ba)elco+ 2)Z'e=Ry AT — To) tty + Bue + Bi u,S +B" u(teg? + Uy?) 
which with the use of eqns. (2.8) and (2.4) leads to 


(ee—1)('—T-,) if (Lis) 7 3 Bu3+B'u5 
(Hy)a41+ “i TEC a ac as Pa (qenge' U,° 1D U, 
+ BY w,(ug2+u,")}. . (2.9) 
The term 
(ee—1)(T—T ec) 
4nG 
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is less than »(7' —7'c) and may therefore be neglected compared with unity. 
To about the same accuracy we can now eliminate wu, from eqn. (2.9) by 
using eqn. (2.8), neglecting the second term on the right-hand side of the 
latter. We then obtain the approximate result 


(Eile= eae P,+089(BP2+B'P(P +P, ))+egBLP. (2.10) 
We have introduced the abbreviation 
ra 3 
~ (ee+2)Z’'e 
In Devonshire’s (1954) notation, the change of the free energy function Gy 
at constant temperature and zero stress is 


dG, = (E#4),dP,+ (E4), dP, + (E4),4P,. 
From eqn. (2.10) and the two corresponding equations, therefore 
RE) 
Bo teres 
+ 4B’ g(P,6+ P+ P,8) + 1B" (P2P,2+ Pe P2+P2P,2). 
(2.12) 


The Gibbs free energy per unit volume is G,—H,P. Equations (2.10) and 
(2.12) are identical with those of Devonshire’s, which have been found to be 
in good agreement with the behaviour of an unstressed crystal of, for 
example, barium titanate. In the thermodynamic theory the coefficients 
of the second, third and fourth terms are usually written respectively as 
té, 1¢ and 4), so we may establish the following connections between 
macroscopic and atomic parameters : 

E=Bhuigt €C=B vg, A=Bie go see oe eee 
Using the above expression for the free energy, or more simply by 
considering the external mechanical work done in causing the transition, 
one can show that the temperature of the cubic-tetragonal transition is such 
that the shaded areas of fig. 3(b) are equal. It follows of course from 
Devonshire’s work that if the constants B, B’ and B” are suitably chosen 
the crystal will make three successive transitions as the temperature 
decreases, with the spontaneous polarization successively directed along 
[001], [011], and [111]. 

There are approximations in the above discussion in addition to those 
we have pointed out. In discussing the interaction with an applied field 
we have singled out the T.O, mode of wave-number zero, and ignored all 
others. However, by introducing anharmonic terms in the restoring 
force, we have destroyed the normality of the modes which alone makes this 
procedure admissible. Also in discussing the free energy we have ignored 
the fact that a change in the value of w, at a transition implies a change in 
the frequency distribution of the modes. Neither approximation is likely 
to be important in practice; we show later that the anharmonic terms will 
have a negligible direct effect on frequencies large compared with Wp. 


(2.11) 


(P2+Py+ Pt) + 2Bvgt(Pzt+P,A+P,t) 
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Furthermore our assumption is that only frequencies with wave-number 
near zero are appreciably changed at a transition, and such modes make a 
negligible contribution to the frequency distribution (see formula (6.24) of 
Born and Huang (1954)). | 

In principle the axis, (001), (010) or (100), along which polarization 
developed at the first transition, would depend on the shape of the crystal, 
if the instability developed for g exactly equal to zero. There is however 
a point involved here which requires a fuller investigation than we make in 
this paper. It has been shown by Born and Huang (1954) that when the 
effect of retardation is included in the electrostatic interaction, the limiting 
frequency w, is not the frequency at q=0, i.e. infinite wavelength, but at 
values of the wavelength small compared with the dimensions of the 
crystal but large compared with the unit cell dimensions. For greater 


Fig. 4 


Numbering of the atoms in BaTiO,. The open circles represent oxygens, the 
smallest circle represents titanium. The [001] direction is horizontal. 


wavelengths there are two T.O. branches, of which one goes to w, at q 
exactly zero, and the other to zero. This suggests that an instability will 
first develop for a mode whose wavelength is relatively large, but which is 
smaller than the crystal dimensions. This further suggests that the 
instability would develop at the anti-nodes and trigger a transition into 
domains of alternate polarization. Itis of course well known that there are 
- other considerations which favour a domain structure. 

We now return to a discussion of the transitions in terms of atomic 
rather than macroscopic parameters. It may readily be shown that 


ee? 
eet ae GD 
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just before the first transition, and that the relative ‘jump’ of the atoms 
at this transition, in going to the tetragonal phase, is 


_(31BI\" 
Utr = cape . 


The spontaneous polarization immediately after the transition is given by 


The Curie constant is given by eqn. (2.4), while the difference between the 
transition and Curie temperatures is 


Tr—-Tc= 


The values of es are approximately 
6478’ 


— ———_., just before the transition, 
(€s)max 39?0| B| J 


€s= }(€s)max, just after the transition, 
3 


= —(€s)max, at the Curie temperature. 


Oh 


The same relations between a number of these quantities can of course be 
established using Devonshire’s theory, since our model leads to the same 
relation between #, and P. However, the phenomenological theory does 
not establish any connection between the dielectric properties, the dis- 
placement of the atoms, and the frequencies of the lattice vibrations. 

We next consider the question of how w,, will change at the transition. 
Since the crystal becomes tetragonal there will in fact be two distinct 
frequencies (w,), and (w,»), which correspond to displacement vectors 
parallel to the crystallographic c anda axes respectively. These frequencies 
may be expected to differ considerably since in a CsCl type of structure for 
example the relative displacement of the two lattices along the ¢ axis will 
increase the repulsive interaction for vibration in this direction more than 
for vibration in a perpendicular direction, so that (¢€s),<(¢€s),, while 
(Wp)o>(@_)q. If one ignores the fact that the crystal will be piezoelectric 
in the tetragonal phase, so that no distinction is made between the ‘ clamped’ 
and ‘free’ dielectric constants, it may readily be shown that 

3B? 

[(Wy?). = 7 
just after the transition, while the value at the Curie temperature is 
25*/B’. For an actual crystal w,? may be expected to be inversely pro- 
portional to the value of the clamped dielectric constant, so that the above 
formulae should be regarded as setting a lower limit only. 

It is interesting to note that it is possible to choose reasonable numerical 
values for the parameters y, B, B’, B” and Z’ so that a diatomic crystal 


exhibits dielectric properties in fairly good quantitative agreement with 
those of barium titanate. 
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’ It is not difficult to show that the transitions will be of the second order 
if .B (eqn. (2.5)) is positive—this is well known from Devonshire’s theory. 
In principle the minimum value of w, is then zero, just as in principle the 
maximum value of eg is infinite. Near the transition the linear term in the 
short -range force will be almost cancelled by the electrostatic force and the 
vibration will be very anharmonic. Devonshire also points out that if the 
electrostrictive change of unit cell dimensions could be prevented (by 
clamping the crystal) the quantity (and therefore B, eqn. (2. 13)) would be 
positive. The treatment given here does not take directly into account the 
electrostrictive changes of unit cell dimensions, but it seems clear that they 
are in fact taken into account indirectly by taking B< 0 and B’ <0 (eqn. 
(2.5)). At the first transition, the relative displacement of the atoms 
increases the short-range interaction for vibrations in the [001] direction. 
This may be expressed by writing the appropriate short-range force 
constant, defined as the coefficient of 4u,? in eqn. (2.5) with u,=u,=0, as 


(Ro )z= Ry {1+ yi am} 2 


The increased proximity of the atoms would be expected to give B > 0, how- 
ever an expansion of the crystal in the z-direction, which would necessarily 
be an even function of u,, would produce the opposite effect. After the 
transition the short-range force constant for vibration in the x-direction 
(the coefficient of uw,” in eqn. (2.5) with u,=w,=0) is 


j ? Bo 
(Ro )2= Ro : a sat} . 


This result, with B” > 0 and of the same order of magnitude as — B, is of 
the form that is to be expected if it in fact originates from a contraction of the 
crystal in the z-direction, which again will be an even function of w,. 

_ The second and third transitions may be described in terms of crystal 
stability as follows. At the first transition (R,’), and (R,’), increase 
discontinuously, (¢s), decreases discontinuously and the corresponding 
transverse optic frequency increases and will at first continue to increase 
with decreasing temperature as uw, increases. However, this quantity tends 
eventually to level off—its variation with temperature is similar to that of the 
spontaneous polarization shown in fig. 5. At the same time the electrostatic 
interaction steadily increases relative to the short-range interaction, as 
expressed by eqn. (2.1), so that the crystal tends to become unstable against 
transverse optic modes with displacement vectors along [010] or [100], 
and eventually makes a transition with atomic movements in one or other 
of these directions, raising all values of w, in the process. By symmetry 
the relative atomic displacement is now directed along [011], say. In- 
crease of the relative displacement with decreasing temperature at first 
tends to stabilise the crystal against vibrations directed along [100], but 
for the same reason as before a third transition will eventually take place, 
with the relative displacement finally along [111]. 
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Fig. 5 
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Calculated values of the spontaneous polarization in micro-coulombs per square 
centimetre and of the static dielectric constant as a function of tem- 


perature. The temperature is measured in °c from the transition 
temperature. 
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The properties of a diatomic crystal have been discussed in some detail 
in terms of the crystal-stability theory, because most of the problems which 
arise are the same as are met in a similar treatment of barium titanate. 
The general procedure, and the physical assumptions which are made, may 
however be more clearly understood in the context of the present section. 


§ 3. DIELECTRIC PROPERTIES OF CuBIC CRYSTALS 


Many of the formulae of previous sections, in particular the Lyddane- 
Sachs—Teller relation (eqn. (1.14)) which is of central importance for the 
theory, apply only to diatomic cubic crystals in which each atom has sur- 
roundings of tetrahedral symmetry (Born and Huang 1954, p. 103). A 
erystal having this symmetry, which we shall refer to as diagonally cubic 
(Born and Géppert-Meyer 1933), but with m atoms in the (primitive) unit 
cell has in general, for q=0, n transverse modes (each is degenerate) and n 
longitudinal modes. One of each is an acoustic mode, to which we give 
subscript 1, with w,=0. The writer has shown (Cochran 1959 a) that the 
result corresponding to eqn. (1.14) is then 


n 


2 ype, LA Abe hy ei 

€e j=2 (w,;”)p 
In the derivation it was assumed that the dipole moment of an atom depends 
only on the effective field. However, we show later in this section that the 
effect of short-range interaction between the electrons is taken into account 
(for g=0) if charges and force constants are replaced by effective values 
(eqns, (4.7) and (4.8)). By making use of this result the proof referred to 
above is readily extended, and it is found that (3.1) is valid for any diagonally 
cubic crystal. We give in the Appendix a derivation of eqn. (3.1) for other 
cubic crystals including BaTiO;. The crystal is imagined as composed of n 
cores comprising the nuclei and inner electrons, and any number of shells 
representing the outer electrons. Each unit (core or shell) exerts short- 
range harmonic forces of quantum origin on neighbouring units when they 
are relatively displaced, and also purely Coulomb forces on units throughout 
the crystal. We have put this derivation in an appendix because of its 
length, and because the notation differs somewhat from that of the remainder 
of this section. 

We now consider the lattice dynamics, for g->0, of a cubic crystal of any 
space group, subject to the limitation that it is possible to find a direction for 
q such that the displacements in any mode of vibration are determined in 
directon by crystalsymmetry. (The limiting values of w for each mode, as 
g0, are independent of the direction of q for a cubic crystal, but the above 
restriction ensures that any mode considered is purely transverse or purely 
longitudinal). We first of all consider transverse modes. We shall assume 
that the polarizability of each atom can be adequately represented by 
treating it as a core and one shell, although this is not a necessary 
restriction. The usual treatment, in which the dipole moment is simply 
the product of polarizability and effective field, is included as a special case, 
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as we show later in $5. By making use of the fact that for g=0 all the 
atoms of the same type move together, one can write down equations 
analogous to those of § 1 (eqns. (1.5)) as follows: 


mw U R= (Dax (Og —Ug) t+ XX Ogg lU gp — Ug)} 
K’FRK 
a amet Ke(V ge — Ug) t Xu Ve Crp (Vie—Ux)} 
Leen Viet Xx Vx O(Ve—U x). 2 Tse REND) 


The displacement of the Ath type of core is U; exp (—iwt), and of the 
corresponding shell, V, exp (—iwt). (The time-dependent factor cancels 
from all equations and will not be explicitly mentioned in future.) The 
charge on a core is X,e, and on the corresponding shell, Ye, so that the 
ionic charge is Z,e=(X,;+Y,)e. The corresponding electronic dipole 
moment is thus Y,e(V,;—U,). The force constant between a core and a 
shellisk,. Since g=0 we again have to deal with force constants between 
Bravais arrays, for example D,,-(U,,—U,,) is the restoring force, other 
than Coulomb force, acting on each core of type K and originating from all 
cores of type K’. Similarly P-, (Vz — U,) denotes a core-shell force, and 
in the equation which follows S;-(V x — ‘V x) denotes a shell-shell force. 
The ‘ Coulomb coefficients’ C;, x proula: all have the value — (47e?/3v) if the 
crystal were diagonally cubic. (The values appropriate to BaTiO, will be 
quoted later.) The value of Cy is — (47e?/3v). We now take the mass of 
each shell to be negligible so that the equation for its equilibrium is 


0= >. {See (Ve—Vg)t+ Vx Fp Opeth 


K'# 
3 a Penta Vx) 1g Vx Xx’ Cer Uy — Vig} 
thy (Vos yA hip Se Cg Ue oes 


In writing down these equations we have been careful to express all forces 
in terms of the relative displacements of cores and/or shells. The importance 
of this in considering the Coulomb interaction has been emphasized by 
Cohen (1951) and by Takagi (1953). We now define 

Dyg=-— > Dex ere ee ie ht 


. . K* #K 
and similarly for and S, and 


4, CrR=— p> Cie Z 


rok x ab ete sy ico Bae 
We also introduce a coordinate 
Wee Ves Uy eC CE en oe 
so that the electronic dipole moment is e Y xW ,, and we also define 
Ryg=Dyg tSgytQh ee 1 4 1 se a (3.7) 


and 
Pee =Saet FP ex. . . . . . . . . . (3.8) 
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These latter quantities are a generalization of the ‘coefficients’ defined 
by Woods et al. (1960) and by Cochran (1959b). In the present instance, 
where they apply only for g=0, it is more convenient to refer to them as 
short-range force constants per atom between Bravais arrays. The physical 
meaning of R,,, for example is that if the lattices K and K’ were displaced a 
relative distance U,,—U,, with the atoms behaving as rigid non-polariz- 
able units, the short-range force on each atom would be Bag U x — Uz). 


On adding together eqns. (3.2) and (3.3), and using definitions (3.4) to (3.8) 
one obtains eventually 


My wo U g= 2 (Bice +4 Ce 4g) Vet (Vee t+ Ze Cee Ye) Wie} (3-9) 
while eqn. (3.3) can be rewritten as 
= XP + VO Se Ue + See t Ve Cre Ve) We} 
Se elem eae eC Oe eat W grat ty UE. ee oe (Bal 0) 


These are the dynamical equations with the atomic coordinates and dipole 
moments serving as generalized coordinates, a procedure first suggested in 
another context by Mashkevich and Tolpygo (1957). Using similar methods 
one can obtain expressions for the effective fields at the Kth core, or at the 
Kth shell. The results are 


za €(& core) x =I (Cre (25 O x =F Ve Wee); als (Co nia Crx) Vx Wi 


: (3.11) 
—€ (nen) x = 2 Cr (Ze Ug + Ve We) + (Ce —Oo)Xy We. 
These two fields are equal only in a crystal which is diagonally cubic, when 
Cy) =C xx, or if an atom is uncharged, when Y;= —Xx. 
These equations can be concisely expressed in matrix notation. For 
example we define 


f Ry Ry» Soe Bin | 
R= | Ry, Rye. - Bon 
Roy Rie val Dra 


This matrix is symmetrical and of order n. It is however of rank (n — 1) 
because the sum of the elements in any row or column is zero (eqns. (3.4) 
and (3.7)). The matrix whose element is Z,O,, is similarly of rank 
(n—1), although the matrix C, whose element is C;,, is not necessarily 
ofrank lessthann. We also define a matrix whose element is given by 


SP ee =Sayet Ox ht Pet Xn Ve (Cer- OBE eer ed) 


that is, SY is the sum of § and a diagonal matrix. While S is singular, a is 
non-singular. We shall use subscripts d, r and ¢ to distinguish diagonal, 
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row and column matrices. The absence of a subscript will denote a square 
matrix. For example 


at kU ae 0 1 
0 Mz « 0 
Mq= 
0 0 wee Mn 
Equations (3.9) and (3.10) then become 
wm U.=(R+ Za Za)Uce+(T+ZaCYa)We, . - (3-13) 
0=(T+YqCZa)Uct+(A+YVaCVa)We- - - (3.14) 


On eliminating We between these equations, one obtains 
w? Ma U e= M’U ce 

where M’=R+ Zq C Za—(T+4+ Za C Ya)(-% + Va C Va) (T+ Ya C Za). (3.15) 
The quantities 1/’,,,,, may be regarded as effective force constants between 
Bravais arrays. ‘The inverse matrix is to be formed by the usual rules. 
The matrix M’ is of order n, and can be shown to be symmetrical and of rank 
(n—1). In principle the values of w for transverse modes are now given as 
solutions of the characteristic equation 


M3 5 Mw Mie olen Ww Spee «ee M sn 
Me M5 — Mow? see gi BES =0. (3.16) 
Moy! BN Man’ — Myer? 


(Although we have been considering rae the situation for g= 0, the approach 
is readily generalized so as to apply to any value of g, with q in a direction 
such that the displacements are fixed in direction by crystal symmetry. 
It will not be necessary to do this here.) 

The condition for the crystal to become unstable and thus make a ferro- 
electric transition has now also been obtained. It will be remembered 
that for the crystal to be stable against this vibration mode, all principal 
minors of M’ must be positive. A solution w,?=0 is always obtained since 
Det M’=0, this is however merely the frequency of the acoustic mode. A 
second solution w,”= 0 will be obtained when the determinant of a principal 
minor of order (n—1) just vanishes. It can be shown that because the 
elements of M’ satisfy the condition > M' y=, all principal minors of 


order (n — 1) are equal, hence it does ra matter which we choose. We shall 
use the symbol [M’] for a principal minor of M’ of order (n—1). Thus the 
condition for the crystal to make a transition to a ferroelectric phase is 
Det [M’]=0. erties ary, Births i belts (be. 
If the transition is of the first order, the transition will occur as Det [M’‘] 
approaches zero. 
Relation (3.17) may be confirmed in another way. We make use of a 
theorem given in text books on the theory of matrices (see, for example 
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Aitken 1939, p. 88), namely that the sum of the products of the characteristic 
roots of a matrix of order n, taken (n—1) at a time, is equal to the sum of 
the n principal minors of order (n—1). If we divide the Kth row of M’ by 
mM, the matrix obtained has characteristic roots which are just the values of 
aw, Applying the above theorem, and remembering that all principal 
minors of M’ of order (n—1) are equal, one obtains 

n 


PY. 2) 2 Ww 1 
pe eee ee Ms ad) 


jal w; Rai (MyM, <..M,;,,) 


However, we know that w,=0 (the acoustic mode), so all terms except one 
on the left of this equation are zero, giving 


n n 
MEK ’ 
Ei ta Re Dat, [M1)-« et 0k (3-10 
poe aa, oe My) be ) 


Since we are considering transverse modes, reference to eqn. (3.1) now 
confirms that the condition for ¢s= 00 is Det [M’]=0. 

One can obtain explicit expressions for the dielectric constants eg and 
«s in terms of the matrices defined above. Consider a field &, exp(—ipt) 
applied to the crystal in such a way that there is no depolarizing field. The 
equations of motion then lead to the results 


p?maU,=(R+ ZaCZq)Ue + (T+ ZaCVa)We-e& 4 Ze, (3.20) 
0=(T+YaCZq)Uct+(L+YVaCVa)We-e ae. (3.21) 


These equations describe a forced vibration, and are analogous to (3.13) 
and (3.14) which described a free vibration. 
The polarization in the crystal is given quite generally by 


P =~ (ZU 5+ Pages eee oem (8.22) 
EK 
or in matrix notation 


= ~ (Z:Ue + ¥:We). Pia ek ete (3523) 
On eliminating We between (3.21) and (3.23) one obtains 
P= <{(Zp—Yx(P + VaCVa) UT + YaCZa))Ue 


4e€ YAS +YacVa) Yc}. (3.24) 


Suppose now the frequency p is sufficiently high that the cores do not move 
(U,=0) and the polarization results entirely from the movement of the 


electrons. Then 
2 
Rage ee NY CY.) 1V go 4 (8.28) 
from eqn. (3.24). For a general value of p, we have by eliminating We 
between (3.21) and (3.20) that 


ef {Zo — (T+ ZaCYa)(S + VaC¥a)¥o}=(M’—p?ma)Ve (3.26) 
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where M’ is defined by eqn. (3.15). Inspection of eqns. (3.24) and (3.26) 
shows that they can be written simply as 


Pal: ae (3.27) 
v 7 
and 
e& .Z_" =(M'—p*ma)U- Ne eee 
where the apparent charge Z,,” is defined by the two equivalent expressions 
Z."=Z.—(T+ ZaCYa)(S% + YaCVa) Ye, } (3.29) 
Z."=Zr—-Y (SP +YaC¥a)-U(F+YaCZa). 


The value of (es—1)/47 may now be obtained by setting p=0 and 

eliminating U. between eqns. (3.27) and (3.28). The elimination is not 

entirely straightforward because M’ is singular. However, by using the 

method described towards the end of the Appendix, one finds 

x —l1 2 . 
c 


a RON Gy M’]- 
G4 4a 5 Lee Il ! 4a 


or 


Es — €e er ” dy ” 
ree male ILM AZe | ~! Sa) Se ee 


where as before [M’] is a principal minor of M’ of order n—1. If the nth 
row and column are omitted from M’ to give [M’], the corresponding 
element Z,,” is omitted from Z;” to give [Z;"], etc. The expressions (3.25) 
and (3.30) "for what may be called the electronic and ionic susceptibilities 
respectively are somewhat similar in form. It may readily be shown 
that the right-hand side of eqn. (3.30) becomes infinite when Det [M’]=0, 
thus confirming the result which was given as eqn. (3.17). 

The ionic susceptibility may also be expressed in a form which is 
directly comparable with that derived from the phenomenological treat- 
ment of Born and Huang (1954). We begin from eqns. (3.15), (3.27) and 
(3.28), written respectively in the form 


mzo?U p= 2 xx xn . . . . . (3.31) 
06 1D ee Me ae ee . a Sa ete oes 


and 


P= ; 32,0: 2 5 
K 

In eqn. (3.31) it is now necessary to distinguish the displacements of the 
atoms in different modes of free vibration; this is done by writing U x; 
for the displacement of the Kth atom in the j th (transverse optic) modes 
#, will denote the corresponding polarization. U, and Y on the other hand 
denote the displacement and polarization in the course of a forced vibration 
which results from an external field &, exp(—ipt). We now express 
each U, as a linear combination of the Ux;, thus 


U2 = > a, Vig tape k Cone eo 
J 
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On substituting into (3.32), and using (3.31), therefore, 
06 2," =m > 4,U x(w;?—p?), 
so that 
OF 5 Dig Uy => MU xy U gy(or7?—p"). jee AGED) 


However, the orthogonality Stone (see Born and Huang 1954, p. 298) 
give the result 


> m0 ,;,0 g,=0 unless j=)’, 
K 
so that eqn. (3.35) reduces to 


” = eae 2 
eb’, > 25" U gj = 4j(w? — p?) mg U 5? 
c K 
However. 
Kp 


€ u 
P= Roe U 


from (3.33) and the fact that there is no applied field for a free vibration. 
As an abbreviation, write 


ee Me eth en ee a 8 (3206) 
We then have 

6 VP, =a,(w,;? —/p*)o; . . ° * . ° (3.37) 
so from (3.34) 

Se U 
Up 60% 
From this equation, using (3.33), we finally obtain 
Pp 2 id 
Pa 60> “a Soe Ae ne enic ve ghte (3.38) 


————————— + —— 
oj(wi—p*) 4m 
It follows immediately that ee ionic susceptibility, for p=0, is given by 


(Se IGA » pee 


Aq = 5 ow," 2 
Later we shall make practical use of this simple result. 


Equation (3.37) also gives the dielectric constant ¢, for any frequency 
:p as 


(3.39) 


e, mo = 


4or aie 
The more important results Ce we am obtained in this section are 
eqns. (3.25) and (3.30) for <e and es respectively in terms of atomic para- 
meters, and the condition (3.17) for the crystal to become unstable, which 
coincides with (w.),=0 and es= ©. 


(3.40) 


§ 4, DIELECTRIC PROPERTIES OF DIAGONALLY CUBIC CRYSTALS 


Many of the results given in §3 assume a simpler and more useful form 
when the crystal is diagonally cubic. The simplifying situation is that the 
effective field is the same at every atom, so that one may deal with the 


P.M.S. 2F 
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dielectric properties in terms of polarizability instead of susceptibility. 
Equations (3.20) and (3.21) become . 
p2mqU. = RU, + TWe — €é Ze \ (4 1) 
0=TU.+ SWe-eéYe 
where the effective field & is given by &, + (47/3). Proceeding in exactly 
the same way as before, one finds that at high frequencies 


— = a LY Soe > cp 3 ees 


where a is defined as the total electronic polarizability per unit cell. For 
general values of p, on the other hand, one finds on eliminating Wc between 
eqns. (4.1), and from the general definition of 7 (eqn. (3.22)) that 


P=" (Z,—VrP AT )Uo+ 6 Sy Eafe ae 
: 
and 

e& (Ze -TS Yo) =(R-TS=T—pma)Uc. . . (4.4) 


These equations may be written simply as 


P= ~L/Uct = © hia ake 4 


and 
e&Z.' =(R’—p?ma)Uc. ot Fale de 


The effective charges Z,’ which have been introduced are given by the 
equivalent expressions 


- = Zy ao Vout ale 
(4.7) 
Za Lol 
and the effective short-range force constants R,,.’ are given by 
Rie RATIO 0 ee 


It may readily be shown that the effective charges and effective force 
constants satisfy respectively the relations 


BPFS acs! and >) Re =), 
K K’ 


as do the true ionic charges and force constants. The effective charge 
Z; is not the same as the apparent charge Z,” which we defined in the 
previous section. For a crystal which is not diagonally cubic only the 
concept of apparent charge is valid; for a crystal which is diagonally cubic 
the two are related by 


Zig" = Heer 2\Zpi on Mae ee 
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The total polarizability of the crystal per unit volume, ag/v, is defined 
as the ratio 7/é at zero frequency. Setting p=0 in eqn. (4.6) and eliminat- 


ing U~ between eqns. (4.5) and (4.6), remembering that the matrix R’ is 
singular, one obtains 


P=éE (5 [Zy’][R’][Zo"]+ *) 
and therefore 
pee Zee (Ze dave ne (4.10) 


This equation gives the ionic polarizability «,=as—ae in terms of the 
atomic parameters. The concept of ionic polarizability has often been 
used previously, but has usually been based on the Einstein model of a 
crystal in which the atoms move independently of one another. It has 
sometimes therefore been regarded as a concept of doubtful validity 
(Megaw 1952, Kinzig 1957). It is worth noting that we have been able to 
legitimize the concept only for crystals which are diagonally cubic. Our 
expression for a; does not at first sight appear to support the observation by 
Roberts (1949) that ionic polarizability is an additive property of the atoms 
involved. Although we shall not pursue this topic here, closer investigation 
shows that, at least for the alkali halides, there is no discrepancy. It can be 
shown from eqn. (4.2) that electronic polarizability is an additive property 
of the atoms involved provided that the diagonal elements of the matrix 
’ F are large compared with the other elements of this matrix. These 
points will be discussed in more detail elsewhere. 

Next we discuss the free vibrations, for g=0, of a diagonally cubic 
crystal. By analogy with eqn. (4.6), these are given by 


w2mqU,= R’U,—eéZ,’ . . ° . 5 . (4.11) 
where & = (47/3) for a transverse optic mode of vibration. As before, 7 


is given by eqn. (4.5). From this equation we have, using eqn. (1.10), 
that 


got" Pe Tee 64,12) 
3v 
From eqn. (4.11) therefore, 

pamgUe=RUg> ee ZU,Z 0. a a 4013) 


As usual, the condition of solubility of this set of equations gives the values 
of w,. It is found that eqn. (4.13) may equally well be written as 
w*mqUu. = M’U. 
where 
M’—R’— A POT ah = (A:T) 


and ¥ is a square matrix with every element equal to unity. As before, 
the condition for the crystal to become unstable against a transverse optic 

mode of vibration is 
: Dents) 0.0 eee ee eee (3.17) 


PRA VWEE 
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We now make use of a result explained in the Appendix, where it is also 
used. In the present context it is, from (4.14), that 
7 4 2 : ’ , , 
Det [M’] = Det [R’] (1 is a [Z,’][R’]}[Ze 1) eee dere 
Thus the crystal becomes unstable when 
4tr(€e + 2)a; 
9v 


from eqns. (4.10) and (4.15). This is however the same as 


==) 


4X 
BV 
so that the terms ‘instability’ and ‘polarizability catastrophe’ are 
synonymous, for a diagonally cubic crystal. 
The results given in this section reduce to the corresponding results 
given in §2 when there are two atoms per unit cell. 


=1, 


§ 5. APPLICATION TO BaRiuM TITANATE 
We shall first discuss Slater’s (1950) theory of the mechanism of ferro- 
electricity in BaTiO, in the light of results given in the previous section. 
In Slater’s theory the following assumptions and simplifications are made : 
(1) The atoms do not move from their equilibrium positions, but to_ 
compensate for this the electronic polarizability of the Ti atom is 
increased at low frequencies. The added polarizability is taken to 

be the ionic polarizability. 

(2) The dipole moment of each atom is taken to be the product of its 

polarizability and the effective field at the nucleus. 


With the atoms numbered as in fig. 4 the following set of equations then 
applies: 
Ey =foPi+fiPot...t+fisPs \ (5.1) 
By =fyP 1 +foPot...+fosPs, ete. 
Here P, is the component of the polarization P caused by the Ba atoms, 
etc., so that assumption (2) gives 
Py= aly” 2S OP ee 
The value of fo is 47/3, while f;,,, is related to C;,,, of the previous section 
by the identity 
Cae = — (Cl) few 
The condition for a ferroelectric transition is that the polarization should 
become finite in zero applied field. From eqns. (5.1) and (5.2) the condition 
for this is 
Jo= v/a Fig sees Sis 


for fo — Ploy »++ Jah jhe (5.3) 
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This equation is the basis of Slater’s numerical calculations. Since the 
ionic polarizability is simply added to the electronic polarizability, eqn. 
(3.25) is the correct result to use for purposes of comparison. The dielectric 
constant calculated from this equation will be infinite if 


Det sme yaCY qi 0.0 eee? eb iR 4) 


Assumption (2) requires that each shell is coupled only to the core of the 
same atom, so from eqn. (3.12) 


PF n= Sunk + VX (Cee —Co)}.- 

The first row of the determinant (5.4) is therefore, for example, 
Ky + VY X(Cy—Co)+ YC, VV eCyp.... Yi V 5015. 

We may now take all Y, to be equal, and determine each polarizability 
an = Y ,°e?/k, by suitable choice of the force constant k,. Now on the basis 
of the shell model the dipole moment is determined not by the field at the 
nucleus, but by that at the shell. In general these are unequal (eqn. (3.11)). 
Hence to fit assumption (2) completely using a shell model, we must take 
k, and Y* to be large, so that core and shell are never appreciably separated, 
but «, remains finite. But since X,;+Y,=Z, and Z, remains finite, 
X,, tends to — Y,. Consequently we take 

Vi ie ee Are OX 
On multiplying the first row of the determinant (5.4) by —v/( Ye)? it is 
now found to be identical with the first row of the determinant (5.3), and 
similarly for the other rows. Conditions (5.3) and (5.4) are therefore the 
same when the parameters of the shell model are chosen so that it behaves 
in the way required by assumption (2), and the conditions required by 
assumption (1) are also satisfied. This part of Slater’s theory may therefore 
be said to be a special case of the general theory givenin§3. The assump- 
tions made are open to criticism however. The way in which ionic polariz- 
ability is introduced is equivalent to coupling each titanium ion to its 
equilibrium position in the crystal, rather than to the other ions. The 
neglect by Slater of non-Coulomb interaction between the electrons— 
short-range force constants between the shells, in the nomenclature of the 
shell model—may have resulted in an incorrect picture of the situation in 
another respect, as we attempt to show later by qualitative reasoning. 

The elements of the matrix C are as follows for BaTiO, : 


Cy Co Cot Cy Cy — 204 Cor OK 
Co Coe Cy-Cy Cy +20, Cy-Cy 
Cot Cn Coa Ce Cs OPE ON Cyt Cy 
Cy—2C 4 Cy +20, Cot Cn Onn Cote a 
Opt+Cn Cy—Cyz Cot Cyn Cot+Cy Css 


where C')= — (47e2/3v) as before, C, = — 4-334(¢?/v) and CO), = — 15-04(e?/o). 
Using eqn. (3.5) one can show that CO), =C2.= C,, but that the value of the 
remaining diagonal elements depends on the values assumed for the ionic 
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charges. It may readily be shown however that C33 = C55, and it will be 
seen from the above figures that C,,,=C;,. It is clear from fig. 4 that this 
arises from the identical environment of the oxygen atoms 3 and 5 with 
respect to displacement of the other atoms along [001], and that this relation 
extends to the elements of all the other matrices, e.g. Rs, =R5,, R33 = R55, 
etc. It follows that for a transverse mode with q along [100] and the 
displacements along [001], U;=U, and W,=W,, that is, lattices 3 and 5 
are completely equivalent and move as one. It follows that the dynamical 
equations can be simplified. For example, consider the Coulomb terms 
ZaCZq of eqn. (3.13). Those which occur in the first of the dynamical 
equations will be 


Zy(Z,0 4,0, + 2,0 y2U 24+ ZC 13U 3 + ZC 4 + Z5C45U5). 


We may now add the third and fifth terms, giving a term appropriate to a 
single atom with a charge 2Z,._ We may similarly add together the third and 
fifth equations to give an equation appropriate to an atom of mass 277s, 
andsoon. The net result is to reduce every matrix from order 5 to order 4. 
There are therefore only four transverse modes of different frequency at 
qg=0, and since one is acoustic, there are three transverse optic modes. 
The same is true of longitudinal modes. This conclusion agrees with that 
of Last (1957) who showed in another way that BaTiO, has only three modes 
which are ‘infra-red active ’. 

Unfortunately this appears to be as far as an exact theoretical treat- 
ment of the problem can be taken at the present time. The equations of 
$3 are of course exact to the extent that a shell model for the atoms 
in BaTiO, is valid, but our knowledge of the forces between the atoms and 
even of the ionic charges is too slight for any numerical calculation to be 
directly based on the general equations. We are therefore forced to make 
some approximations. The structure analyses of tetragonal BaTiO, and 
PbTiO, (Shirane et al. 1957, Shirane et al. 1955) show that within the limits 
of experimental error the oxygen framework is undistorted after the 
ferroelectric transition. This remarkable result suggests that the oxygen 
atoms are linked by comparatively strong covalent bonds, since after a 
transition with the atoms moving in the [001] direction, the effective field 
at sites 3 and 5 is quite different from that at site 4. The structure analysis 
strongly suggests, if it does not actually prove, that in the T.O. mode of 
lowest frequency the oxygen nuclei move as a single unit with U, = U,= Us. 
If we accept this as a fact, then, for this mode only, the matrices R and 
ZqaCZq can be reduced from order 4 to order 3. Reduction of the other 
matrices is not permissible unless Wy,=W,=W,. We have already seen 
that W,;=W;, but on the basis of Slater's theory the dipole moments 
produced at sites 3 and 4 by a movement of titanium are oppositely directed. 
However, the situation is completely altered if we take into account short- 
range forces between the electrons. The oxygen atoms cannot be directly 
linked by covalent bonds, but must be linked through the titanium, in other 
words it seems probable that the corresponding shells are connected by 
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comparatively large force constants and the matrix elements Sas oa, 
So; and 7'3, T'54, 7’; are all large. It is conceivable that the shell of the 
titanium ion is in fact more strongly linked to the shells of the surrounding 
oxygens than to the titanium core. In the above circumstances there is 
then necessarily a tendency towards equilization of W, and W,, and this 
will be enhanced by the movement of barium in the same direction as 
titanium. While the exact equality of W; and W, is unlikely, we propose 
as an approximation to ignore any difference. For the T.O. mode of lowest 
frequency all the matrices can then be contracted to become of order 3. 
When this is done it is found that the resulting Coulomb coefficients all 
have the value — 47e?/(3v), or in other words the crystal behaves as if it 
were diagonally cubic. That this should be so is in fact clear on considering 
fig. 4 with the proviso that sites 3,4and 5 are to be equivalent in displacement 
and dipole moment. In setting W,= W,, as distinct from U,= U,, we have 
in fact gone beyond what is warranted by the direct experimental evidence ; 
the chief justification for this assumption is the satisfactory results to which 
it leads. The situation is of course much simplified by this approximation, 
for we can now make use of the relatively simple equations derived in 
§ 4, 

We now use suffix o to denote the group of oxygens so that 

Mj IMs, oLo—=— 324) Ii44=li,+hi,+h,,, etc. 

The simplest approach is now to consider the static dielectric constant, 
which is given by 
- 3+ 87r(ae + aj) 
~— 3 —4rlae +.ai) 


Es 


From the general result 
ay = €2[Z,’ ER} Ze’ ] 
we have in this instance 
cue C7(( Za elseee (Ze. )2 vy, 224 Ze Ey ) 
; Ry)’ Roo! %? (Ry.')? 
The condition for the dielectric constant ¢, to follow a Curie-Weiss law in 
the cubic phase is then found to be 
Arre?(€e + 2){(Zy')? Ry’ + (Zo')? Ray’ — 2212, Ryo } at 
iv 9v{Hhyy! Roe’ — (Ryo')?} 
where the temperature coefficient y is related to the Curie constant @ by 
eqn. (2.4), as before. Equation (5.5) is closely analogous to eqn. (2.1), 
which applied to a diatomic crystal, and the mechanism which we mentioned 
in § 2 will serve equally well to explain the temperature variation of the 
quantity on the left of eqn. (5.5)—that is, anharmonicity of the lattice 
vibrations will cause a linear change with temperature of the parameters 
which appear in the ‘harmonic’ theory. The condition for a ferroelectric 
transition is that the left-hand side of eqn. (5.5) should approach zero. 
The same result may be obtained from the condition (w,),>9. The fact 
that the crystal does not become completely unstable can be explained by 


iT y(T— Tc) (5.5) 
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postulating an explicit expression for the anharmonic terms involving 
relative motion of the titanium and oxygen atoms. The equilibrium of 
the system is then determined by the equations : 


eZ, B= Ryy' (uy — Uo) 2 + B42’ (U2 — Uo) 2» ; 
Zio! B, = Ryo! (uy — Up), + Rog’ (Ue — Up), + B(Ug — Up)" 


+ BY (ug— Uo)2° + B"(u,— Up) at (Ue rs Uo)ar + (U2 — Up) y"- 
(5.6) 


The field Z includes any applied field #,. The validity of this approach was 
discussed in §2. Additional anharmonic terms involving the relative 
movement of barium and oxygen could be included, but we prefer to intro- 
duce no more parameters than are necessary to account for the observed 
behaviour. Equation (4.5) now gives 


Pyw=eZLy' (Uy —Up)gteZe (Ug—Up)ztoeH,. . . « ~ (5.7) 


The use of wu, P and £ in place of U, A and @ is intended to emphasize the 
fact that we are considering static displacements, in eqns. (5.6) and (5.7). 
There are of course similar equations with the suffices permuted. The 
approximate solution of the above equations, when eqn. (5.5) is taken into 
account, is 

(hela 


(Hs),= "= + Bo gt P3+ Brg PS 


+BiegtP(P A+ Po) os ees 


together with similar equations for (#,),, and (#,),. The derivation is very 
similar to that given in § 2, and the definition of g is now found to be 


3(Z,' Ry’ = oy Ryp') 


€(€e + 2){(Zy')? Rog’ + (Zo')? Ry’ — 2Z,' Zy’ Ryo'} be 


g— 


Apart from the difference in the definition of g, eqn. (5.8) is the same as was 
found to apply to a diatomic crystal. These equations are the same as 
would be obtained by assuming that the free energy is given by 

(7'—T-) 


O= ae Pa t+ PtP) eh PEE) 


+40(PSt+ Pf + Po) +gA(P A P+ PtP t+ Pi P,*). (6.10) 


It follows from the known success of Devonshire’s theory that if atomic 
parameters are chosen so as to give suitable values for @, €, € and A, the 
theory given here will give dielectric properties in good agreement with those 
of BaTiO;. It remains only to investigate whether the required atomic 
parameters are of a reasonable magnitude. We shall make numerical 
calculations only for the cubic-tetragonal transition, since it is known that 
with A~ —€, ie. B"~ —B, the other transitions may be accounted for 
quantitatively. By using eqns. (5.5) to (5.9) it is found that the parameters 
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which determine the properties of the crystal in the neighbourhood of the 
upper transition are y, B, B’, d,, d, and Z,/d, + Z,' d,, where 
d,= Zy' Ryo! — Zy' Rig! atichanscdes Zy Ry —Zy' Ry, 
Ry! Ry’ — (Ryo')? ; Fi’ Ros — (Rog)? 

Thus it is not necessary to fix values for the individual effective charges and 
effective short-range force constants. It is however to be expected that 
R,,’ will be small compared with R,,’ or R,,’, since the barium and titanium 
atoms are not nearest neighbours, but that R,,' and R,,’ will be of the same 
order ofmagnitude. Thus for the sake of definiteness we have taken R,,' =0 
and &,,'= R,,' in the numerical calculations, which were made using values 
of the parameters chosen so as to give best agreement with observation. 
These values are y=4:57x10—per °c, B=—7-81x 10% cgs., 
B= 5-83 x 10°* ¢.g.8., Ry,’ = Ryo’ = 2-83 x 10° dyne cm-1, Z,'=1-20 and 

2 =2'40. The values used for <e and v were 5-76 and 64 43 respectively. 
The results of the calculation are given in table 1, and are compared with 
the corresponding experimental values. The calculated variations with 
temperature of the spontaneous polarization and the static dielectric 
constant are shown in fig. 5. 


Table 1. Calculated and Measured Values of Various Quantities. The 
last four entries are calculated for T=T7't, 


6 é c (TET) 
Calculated | 1-35 x 10+ c.g.s. | —10-5x 10-4 ¢.g.8. | 2-30 x 10-*? ¢.g.s. | 12-1 °K 
Measured | 1:35 x 10+ — 68x 10-8 2:28 x.10-% 11 
1-32 x 10¢ — 10-8 x 10-18 14 
Es ‘Pp (u,— Ug) (v3 — Up) 
Calculated | 1-40 x 104 19-5 p-coul. cm? | 0-05 A 0-10 A 
Measured ~ 104 18-0 0-07 A 0-134 


The measured values are as collected by Kanzig (1957) ; where more than 
one reliable value is available, both are quoted. The experimental values 
of (uw, —U,) and of (w,—Uo) were not determined at the transition tempera- 
ture and should therefore be reduced somewhat for comparison. In giving 
the above figures the small relative movements of the oxygens have of course 
been ignored. 

From the results given in table 1 and fig. 5, it is clear that the theory 
accounts rather well for many of the properties of BaTiO, and that it does 
so with parameters which are physically reasonable. The values of y and 
of Z,’ and Z,’ scarcely require comment, although it should be remembered 
that the two latter are not the true ionic charges. The physical meaning 
of R,,’ is that it is the short-range force exerted on a titanium atom when all 
the titanium nuclei are displaced the same (small) unit distance, the other 
nuclei remaining fixed in their equilibrium positions. The value of the 
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corresponding quantity for germanium has been found to be 1:82 x 10° 
(Cochran 1959 b), while for the alkali halides it ranges from about 1-0 x 10° 
for LiF to about 2:5 x 104 for RbI. Thus the value used here is of the 
correct order of magnitude. The relative values of R,’, B and B’ corres- 
pond to a very small departure from the harmonic approximation, This is 
shown in table 2, where the components of the force 


Ryo’ (Ug — Up) + B(Ug — Ug)? + B' (Ug — Uo)? 
are set out. It is clear that there is no question of a second minimum in the 
short-range potential between the titanium and oxygen atoms. 


Table 2 
(UW. — Ug) Roo’ (Ug—Uo) Buy — U9)? + B'(ug— Uo)? 
Os 1 8. 2-83 x 10-4 dynes — 1-98 x 10-7 dynes 
0-2 5-66 x 10-4 +1-24 x 10-5 
0:3 8:49 x 10-4 +1-21 x 10-4 


We next consider the question of the numerical value of (w.),, in the 
cubic phase. If this is known for example at the transition temperature, it 
can be calculated at any higher temperature from (w,),20«(Z7'— 7c). Since 
es is some 2500 times greater than in a normal ionic crystal, (w.),. at its 
lowest must be some 50 times lower than ‘normal’. Two infra-red absorp- 
tion frequencies have been measured by Last (1957) for BaTiOgs, at approxi- 
mately 1:0x10!3 and 1-5x10!%¢.p.s. (we quote numerical values of 
v=w/(27)). It is significant that Last did not detect a third absorption 
frequency. From the specific heat, Last predicted that it would be found at 
about v=6-7 x 10!%¢.p.s. We believe that this estimate is too high, and 
that the remaining frequency will be found to be, at its lowest, some 50 
times less than the measured frequencies, in the neighbourhood of 2 or 
3x 10!'c.p.s. A more precise estimate may be made as follows. In §3 it 
was found that the displacements U , of the nuclei in an applied field may 
be written as a linear combination of the corresponding displacements U ,,; 
in the T.O. modes of free vibration, thus U,= > 54; U,;, and that a;cw;~, 
for a static field. Thus when one mode (j = 2) has a frequency much lower 
than the others, the relative displacements of the atoms in an applied field 
must be closely the same as in the low-frequency mode of vibration. Pro- 
vided the anharmonic terms in the short-range force are relatively small, as 
we have found, the same is true of the displacement of the atoms at and 
after the cubic-tetragonal transition. Thus after the transition, the crystal 
preserves approximately the relative values of 7; and U,; appropriate to 
j=2. From eqn. (3.39) therefore, neglecting terms which involve ws or 
w4, one has approximately 


_ 4 P2 


2—= ——_ =aconstant, 
Oo 


€s(Wy) 
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where (w,), and es are values appropriate to the cubic phase (at any tem- 
perature above 7’'tr), while P and o are values appropriate to a temperature 
below Tr, P being the spontaneous polarization and o = Ye Mx Ux, Where 
ux 1s the displacement of an atom corresponding to this value of P. The 
atomic displacements are determined by the structure analysis of Shirane, 
Danner and Pepinsky (1957). Absolute displacements can be derived from 
the measured relative values by making use of the fact that the centre 
of mass is not displaced, and one finds o=0-693 x 10-gem?. These 
are room-temperature displacements, so we take P=22-0 j-coul. 
em~?=6-6 x 10*e.s.u. Taking es= 1-2 x 104 as the maximum value of the 
dielectric constant in the cubic phase then gives the minimum value of 
(Vp), as 3-2 x 1011 ¢.p.s., in good agreement with the earlier estimate. 

Relaxation of the dielectric constant of BaTiO, has been reported at 
frequencies lower than 3 x 10!ce.p.s. (Kanzig 1957). Recently, however, 
Benedict and Durand (1958) have made measurements on single crystals of 
the cubic phase, and found at a frequency of 2-4 x 10!¢.p.s. a dielectric 
constant identical with the static value. Measurements in the frequency 
range in which we expect the lowest dispersion frequency to be found would 
be difficult as it is in the millimetre wavelength range. H. Juretschke, 
R. Landauer and P. Sorokin have independently come to the conclusion that 
the lowest dispersion frequency for BaTiO, should be in the region of 10" 
c.p.s., and should vary as (7’—7'.)!? (unpublished work communicated to 
me privately by Dr. Landauer). They also make the interesting suggestion 
that the low-frequency mode of vibration may in fact be ‘overdamped’. 
Damping of the T.O. modes having ¢ = 0 does not affect our analysis except 
to make eqn. (3.40) inapplicable in the neighbourhood of p=w,;. Our 
other results, including eqn. (3.39), are not affected even if one mode is 
overdamped. 

A low-frequency mode (even if overdamped) should give rise to diffuse 
scattering of x-rays, since the intensity of diffuse scattering depends, 
among other things, onw~?. However, if the value of (w,), increases rather 
steeply away from q=0, this intensity will be obscured by the Bragg peak 
and by the scattering from acoustic modes. This objection does not 
apply when w is low for a value of g not equal to zero, which we have indi- 
cated as a characteristic of a cubic crystal near an antiferroelectric transi- 
tion. For such a crystal there should be a region of thermal diffuse 
scattering around points in the reciprocal lattice where additional Bragg 
peaks will appear after the transition. The intensity of scattering should 
increase as the temperature is lowered towards the transition temperature. 

A most thorough test of the theory developed in this paper would be 
provided by an experimental determination of the w(q) relation for BaTiO, 
or a similar material, by neutron spectroscopy. In principle an investiga- 
tion in the neighbourhood of q= 0 is all that is required, but an investigation 
over a range of values of q (possibly confined to the [100] direction) would 
be more useful. No neutron group with distinctive energy change would 
be scattered by an overdamped mode, and it seems likely that for q along 
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[100], only two 'T.O. modes would be detected near g=0, with the third 
possibly becoming apparent for larger values of q. 

The discussion in this paper has been confined to cubic crystals. It 
seems clear by analogy that for any crystal, with the possible exception of 
those in which an order—disorder transformation takes place, the problem 
of the onset of ferroelectric or antiferroelectric properties is in principle a 
problem in lattice dynamics, and that a high dielectric constant must always 
be associated with an optic mode of vibration of low frequency. In a 
crystal of low symmetry, such as Rochelle Salt, it will not be possible to 
treat the problem of the stability of this mode as one involving a deter- 
minant of order n, the full 3n x 3n determinant must be used. The reason 
is that no mode is constrained by crystal symmetry to be purely transverse 
or longitudinal. For the same reason the frequencies of the optic vibra- 
tions for g+0 may not coincide with the dielectric dispersion frequencies 
(Born and Huang 1954). The situation is further complicated by the fact 
that free and clamped dielectric constants have to be distinguished in all 
phases. Nevertheless there seems to be experimental evidence for a rela- 
tion of the form w~? x eg, where es is the clamped dielectric constant and w 
is the lowest dispersion frequency. Measurements made by Akao and 
Sasaki (1955) of the temperature dependence of the dielectric relaxation 
frequency of Rochelle salt are in at least qualitative agreement with such a 
result, and the measured frequency was relatively very low—in the region 
of 2x 10%c.p.s. 
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APPENDIX 
In the following derivation the cores and shells are treated on the same 
basis—each unit has a finite mass m,, charge Z, and displacement U x» 80 
that the notation differs from that of §3. There are n cores and Q-n 
shells. ‘The equation corresponding to (3.13), for transverse modes, is now 
simply 

w'maUe=(R+ZqaCZq)Ue. . 2. . . . (Al) 

As in § 3, using the result (3.19), one finds 
g MK 


K=1(M,Mg....MgQ) 


Det[M] . . (A2) 


(wo? wy”... 9") a 
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where [M] is a principal minor of order (Q—1) of a matrix which in the 
present notation is 


M= Ree Za GZ ase Caen tare a be. (A 3) 


Reference to Born and Huang (1954) shows that for a purely longitudinal 
mode with ¢ = 0 there is a macroscopic field — 47 to be taken into account. 
When thisis done it is found that eqn. (A 1) still applies, but with each matrix 

element C,,, replaced by Cy, + 47e?/v. It follows that 


Q m 
[Ge enon) eee DetiN i) 2s (At 
(2's eo) (Mm M,...M@) eulN] oa 


where N is defined by (A 3), but with each C,,,,, replaced by Cx, + 47e2/v. 
As an abbreviation, write this as C,,,+6, and consider the determinant 
M,,+6Z,? MeO Li Lig eek fees ee 
Jigs AAP VIR SUES SU ARORA Mina ENE Ses carte 


Det N= 
> Sie 3S Jone Mae Oe OC E eee M oq + bZ,? 
On multiplying out, it is found to be equal to 
Lite Goalie get ae 
Ziel Soc Eh Li eae: 
DerMs 0715 e357; SAV A Eicee a 
Ze Mo2--- Mao iM 1 2g ol Go 


which may be written as 
Det N = (Det M)(1+6Z;M- Z,). 


The same relation is found to hold when principal minors of order (@— 1) 
are involved. We suppose that in each case the principal minor is obtained 
by omitting the nth row and column, and that [Z,] for example ECDE Sea: 
Z, with Z,, omitted, so that 


Det [N]=(Det (Mp) (1+ ZIM '[Zel) 
Therefore from eqns. (A 1) and (A 4), 


2 2 
(oats eto ey at ane” ZAMIR Zeal ch a (AB) 
(w2....wg")r v 
We next consider the conditions for the equilibrium of each unit in an 
externally-applied static field #,, with no depolarizing field. They are 
simply 

eH, Zo=MUg.. . Migate sgt) 
Now we take the origin to be the displaced position of core n, and write 

eH, (Ze]=[M] [uc*] eet 

where u,* =U, — U,, in the present notation. Now the polarization may 
be written 


ja oA [Ze]IM]- izle (AT 


[Zy][uc*]= 


€ 
i) 


422 W. Cochran on 


(The obvious derivation, from (A 6) and the equation 
[Ps E rh. U. 
v 


leads to the result 


e*H 


P= A Zy M-! Le; 


) 


which is indeterminate since M is singular.) 
From eqn. (A 7) and the definition of es we have 


Are” 


» 


eel [Zr][M]"[Ze] 


= Il (w;")r. 
j=2 


: from eqn. (A5). 
‘ (w;*)¢ 


> 


The above derivation may now be repeated, with the frequency of the 
applied field taken to be in the range of visible light, that is, above a 
frequency involving resonance of the cores, but below any involving the 
shells. The cores do not then move or contribute to the polarization. 
The effect is the same as if the field were static, but the cores were clamped 
in position by the elements R,,, R,..... #,,, all becoming infinite. The 
dielectric constant involved is then €e. A derivation similar to that given 
above then leads to 


and therefore finally 


jt. hae gia ee ae (3.1) 


The weakness of the above derivation is that it involves electronic dispersion 
frequencies, w,,,, tO). A shell model cannot be an adequate approxima- 
tion in this frequency range, although it should be noted that these fre- 
quencies do not appear in the final result, which involves only the fre- 
quencies w, to w, which are in the infra-red frequency range or lower. The 
same final result can be derived quite rigorously for a diagonally cubic 
crystal, or for a cubic crystal in which the atoms are not polarizable, so 
that e.=1. There is therefore a strong presumption that the final result is 
independent of any particular model, as has been shown by Born and Huang 
(1954) to be the case when n= 2. 

Corresponding results can be derived by the method given above for 
crystals of lower symmetry, always provided that there are directions for 
which the polarization of each mode is determined by crystal symmetry. 
For example, eqn. (3.1) applies to a tetragonal crystal whose space group is 
P4/mmm, provided that the frequencies correspond to modes whose dis- 
placement vectors are directed along the same axis, say the c-axis, while 
és and €¢ also refer to this axis. This means that for the longitudinal modes, 
- qis parallel to c, but for the transverse modes, q is perpendicular to c. 


Crystal Stability and the Theory of Ferroelectricity 423 


REFERENCES 


AITKEN, A. C., 1939, Determinants and Matrices (Edinburgh: Oliver & Boyd) 


ANDERSON, P. W., 1958, paper given at All-Union Conference on Dielectrics. 
Moscow. 


Axao, H., and Sasakt, T., 1955, J. chem. Phys., 23, 2210. 

Benepict, T. 8., and Duranp, J. L., 1958, Phys. Rev., 109, 1091. 

Born, M., and G6prurt-Maynr, M., 1933, Handb. Phys., Vol. 24, 2nd edition, 
Chap. 4 

Born, M., and ‘Huane, K., 1954, Dynamical Theory of Crystal Lattices (Oxford: 
University Press). 

BrockuHousE, B. N., and Ivenear, P. K., 1958, Phys. Rev., 111, 747. 

CocHRaNn, W., 1959 a, Z. Kristallogr., 112, 465; 1959 b, Proc. roy. Soc. A, 258, 
260; 1959 c, Phys. Rev. Letters, 3, 412. 

Couen, M. H., 1951, Phys. Rev., 84, 369. 

Devonsuire, A. F., 1949, Phil. Mag., 40, 1040; 1951, Ibid., 42, 1065; 1954. 
Advanc. Phys., 3, 85. 

Dick, B. G., and OvERHAUSER, W., 1958, Phys. Rev., 112, 90. 

Frouuicn, H., 1949, Theory of Dielectrics (Oxford: Clarendon Press). 

Kanzie, W., 1957, Solid State Physics, 4, 1 (New York: Academic Press Inc.). 

KELLERMANN, E. W., 1940, Phil. Trans. roy. Soc., 238, 513. 

Last, J. T., 1957, Phys. Rev., 105, 1740. 

LEIBFRIED, G., 1955, Encyclopaedia of Physics, Vol. 7, Part I, edited by S. 
Flugge (Berlin: Springer-Verlag). 

Mraaw, H. D., 1952, Acta Cryst., 5, 739. 

MasHkevicu, V.S., and Totpyao, K. B., 1957, J. exp. theor. Phys., Moscow, 32, 
520. (Translation: Soviet Physics, JET P, 5, 435.) 

Power, 8. C., 1942, Proc. Camb. phil. Soc., 38, 62. 

Roserts, S8., 1949, Phys. Rev., 76, 1215. 

SHIRANE, G., DANNER, H., Peprnsky, R., 1957, Phys. Rev., 105, 856. 

SHIRANE, G., Peprnsky, R., and Frazur, B. C., 1955, Phys. Rev., 97, 1179. 

SuaTER, J. C., 1950, Phys. Rev., 78, 748. 

SzicErt, B., 1949, Trans. Faraday Soc., 45, 155; 1950, Proc. roy. Soc. A, 204, 52 

Taxaat, Y., 1953, Proc. Int. Conf. Theor. Phys., Kyoto and Tokyo, p. 824. 

Tuomeson, J. H. C., 1953, Phil. Mag., 44, 131. 

Woops, A. D. B., Cocuran, W., and Brockuoussz, B. N., 1960, Phys. Rev. 
(to be published). 

» 


Pr 
ihe 


e4 
\ Pet 


i an 


Leek 


The Statistical Model and Nuclear Level Densities 


By Toruetr Ericsont 


Department of Physics and Laboratory of Nuclear Science, 
Massachusetts Institute of Technology, Cambridge, 


Massachusettst 
CONTENTS 

§ 1. Introduction. 426 
§2. General Features of Nuclear Level Densities. 430 
§ 3. Models for Nuclear Level Densities. 440 
3.1. The Equidistant Spacing Model. 442 

3.2. Angular Momentum Distribution. 444 

3.3. Parity Distribution. 449 

3.4. The Free Gas Model. 450 

3.5. The Newton—Cameron Model. 451 

3.6. The Rosenzweig Effect. 454 

3.7. The Newson Model. 455 

3.8. The Pairing Model. 456 

3.9. The Nuclear Phase Transition. 461 

3.10. Conclusion. 464 

§ 4. The Evaporation Approximation. 465 
§ 5. The Statistical Model and Angular Momentum Conservation. 471 
5.1. Qualitative Considerations. 472 

5.2. Formal Solution of Classical Approximation. 476 

5.3. Special Limits. 479 

§ 6. Inverse Cross Sections. 483 
§ 7. Multiple Emission of Particles. 487 
§ 8. Emission of Complex Particles. 488 
§ 9. Statistical Fission. 490 
§ 10. Lifetime of the Compound State. 495 
§ 11. Fluctuations of Cross Sections and Angular Distributions. 497 
11.1. Non-overlapping Levels. 500 

11.2. Overlapping Levels. 503 

§ 12. Conclusion. 506 


+ On leave from Institute of Theoretical Physics, Lund, Sweden. 

+ Present address : CERN, Geneva, Switzerland. This work is supported in 
part through AEC Contract AT—-(30-1)-2098 by funds provided by the U.S. 
Atomic Energy Commission, the Office of Naval Research and the Air Force 
Office of Scientific Research. 


P.M.S. 2G 


426 T. Ericson on the 


§ 1. INTRODUCTION 


Nucrear reactions fall naturally into two principal classes, the fast 
reactions and the slow reactions, according to the time scale on which they 
occur. The fast reactions take place with typical reaction times of the 
order of the time it takes for the incident particle to pass the nucleus. 
The wavelength of the incident particle in nuclear matter is in most cases 
so short compared to nuclear dimensions that it must be expected to explore 
the individual constituents of the target nucleus. Its trajectory can in this 
approximation be considered as classical and it will only affect the nuclear 
matter in the immediate neighbourhood of this trajectory during the 
reaction time. A typical example of this type of reaction is the nucleon— 
nucleon collision, in which the incident particle collides with one of the 
nucleons in the target and ejects this nucleon. Because the incident 
particle does not interact with the nucleus as a whole but only with a small 
part of it, the emitted particle will take up an essential part of the 
momentum of the incident particle giving rise to typical angular distribu- 
tions. Furthermore, because of the nearly negligible time difference in the 
emission process there will occur strong coherence and interference effects. 
These fast reactions, usually called direct interactions have been intensively 
studied in the last years and have been the subject of several articles of 
general nature (e.g. Austern 1959, Butler and Hittmair 1957, Kerman et 
al. 1959). 

According to the above the typical time of a fast reaction process is 
2R/v where £ is the nuclear radius and v the velocity of the incident particle 
inside the nucleus. Expressed in some more convenient units it is thus 
about B-! Al 10-3 sec, where f is the velocity in units of c and A is the 
mass number. 

The fast reactions may be considered as one extreme of our description 
of nuclear reactions. The other extreme is provided by the slow reactions. 
Instead of immediate emission of a particle after the initial interaction of 
the projectile, both the projectile and the particle with which it interacted 
can remain inside the nucleus and give rise to new interactions. Thus, by 
the subsequent scattering, the energy and momentum initially brought in 
will diffuse through the nucleus and eventually be transferred to the nucleus 
as a whole. 

Obviously the emission of particles is possible during this entire process. 
After each interaction, however, the memory of the incident particle will 
be less; its energy and momentum will be split up between more particles. 
The angular distribution, though still preferentially forward peaked, will 
be less pronouncedly so. This intermediate stage in the nuclear reaction is 
probably the most commonly observed in practice ; depending on its state 
of development it will have more or less of the fast characteristics. When 
finally the energy and momentum (as well as angular momentum) only 
characterize the system as a whole, and the memory of the initial mode of 
formation has been lost, we are dealing with the Compound Nucleus 
(N. Bohr 1936, N. Bohr and Kalckar 1937). This is the reaction we will 
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callslow. The reaction is then slow compared to the characteristic nuclear 
relaxation time for equilibrium due to the collisions between the nucleons. 

The actual value of the relaxation time in the nucleus is not known; 
it can only be crudely estimated. A perturbation of nuclear matter will 
have a typical propagation velocity of the order of the average nucleon 
velocity inside the nucleus; the relaxation time may thus be expected to 
be of the order of one or two orders of magnitude longer than the time it 
would take an average nucleon to traverse the nucleus, i.e. about A" x 10-21 
to A1/ x 10-9 sec. We must therefore expect decays taking place more 
rapidly than a time of this order to be partly characterized by the features 
of the fast reactions. 

A typical feature of the emission from an equilibrium system is that it is 
entirely characterized by the constants of the motion of the system and its 
size and shape; it is completely independent of the details of its formation 
(N. Bohr 1936). The study of the emissions from such a system can there- 
fore never shed any light on the exact mechanism which produced the 
equilibrium system in the first instance. This situation is very classical ; 
it implies in particular that there are no phase relations between the forma- 
tion and decay modes and that the decay of the Compound Nucleus is 
governed by phase space. There is thus an ergodic statement for this 
kind of a system, that every configuration will appear with equal weight. 
Two classical systems exhibit an extremely close analogy to the Compound 
Nucleus. These are the heated liquid drop from which particles evaporate, 
and the radiation from a black body (the analogy with the black body is 
only adequate for emission. ‘The incident particle does not necessarily 
form an equilibrium system in all cases.) In both of these cases the 
emission is governed by the statistical characteristic of the system, the 
temperature, which determines the shape of the energy spectrum and the 
average energy of the emission. A particularly important feature is the 
low value of the temperature compared to the total excitation energy, 
which reflects the sharing of this energy among many degrees of freedom. 
This feature is also typical of the nuclear emission, which has relatively 
low kinetic energy in general compared to the total excitation energy. 

There are, however, several important differences between classical 
systems and the nucleus. First, in the case of the classical system only a 
small fraction of the total excitation energy is carried away by the evapora- 
tion of one particle or the radiation of one photon. In the nuclear case, 
however, the system is essentially changed already by one particle emission ; 
the emission of a secondary particle of the same kind becomes even energeti- 
cally impossible in many cases. As a consequence it becomes important to 
distinguish in which system the nuclear ‘temperature’ is to be measured, 
in that of the intermediate system or in the residual nucleus after emission, 
a distinction of no consequence in the classical case. Secondly, a classical 
system has properties which are governed not by one quantum state but by 
a superposition of a large number of states, which are overlapping in 
energy. The nuclear system may or may not have this property. 
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The incident particle has mostly an energy spread which is many 
times larger than the spacing between the levels in the Compound Nucleus. 
The recurrence time for a wave packet with an energy spread much larger 
than the level spacing formed of the excited states is exactly 27(h/D) 
- for non-overlapping, equidistant levels of spacing D and should in general 
be of this order of magnitude. If the width of the levels is much smaller 
than the level distance, the lifetime is much longer than the recurrence time, 
and the assumption of independence of formation and decay modes will 
be fulfilled (Weisskopf 1950). The occurrence of this type of equilibrium 
system has no classical correspondence. It is typically met in neutron 
resonances and in the first few Mev of excitation above the neutron binding 
energy. With increasing excitation energy of the Compound Nucleus the 
lifetime becomes shorter and shorter as more and more decay channels 
become available. The levels become less defined and will start over- 
lapping. It is then no longer possible to make any general statement 
about an equilibrium system based on the recurrence time. In this region 
different states will in general interfere and affect, for example, the angular 
distribution of the emitted particles. The incident beam will however 
average these effects over a region of energy even in the case of rather good 
experimental resolution and an additional average is often performed if 
transitions to the continuum region of levels in the residual nucleus are 
studied. The phases between the different transition amplitudes interfere ; 
due to the fluctuations in the energy range over which the averaging takes 
place there can then be a negligibly small contribution from cross terms as 
compared to diagonal terms when the square of the amplitude is averaged. 
The underlying approximation is that of random phases for the matrix 
elements. A more detailed discussion of the features of this approximation 
isgivenin§11. In this sense an equilibrium system can again be achieved. 
This system is completely analogous to the classical liquid drop and 
radiating black body. The two classical examples show clearly that 
equilibrium systems can exist in the region of overlapping levels. 

Experimentally few attempts have been made to establish the existence 
of a nuclear equilibrium state (Ghoshal 1950 ; John 1956, Kelly 1950). The 
classical results of Ghoshal based on a study of the excitation functions for 
the products of ®*Zn formed by «-particles incident on ®Ni and protons on 
®8Cu are shown in fig. 1. If an equilibrium system has been formed the 
relative yield of the different products should be the same for a compound 
system of the same excitation energy, independently of how the system 
was excited. The qualitative aspects of the curves show indeed such a 
behaviour, when the curves are compared as a function of excitation energy. 
There is however a slight discrepancy of unknown origin. The best 
agreement is obtained if the excitation energy for the proton induced 
reaction is allowed to be about 1-6 Mev higher than that corresponding to the 
a-induced reaction, when the experimental Q-value is used. The excita- 
tion function experiments show that there is not a strong difference between 
the decay ratios of the two reactions. 
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A considerably more stringent test of the independence hypothesis 
should be provided by the shape of the energy spectra of particles, which 
are emitted from the same Compound System formed in different ways. 
These energy spectra should have shapes which are independent of the 
mode of formation, at least in so far as no restrictions on the decay are 
imposed by angular momentum conservation. In this case it should also 
be possible to compare the probability of direct interaction to Compound 
Nucleus processesy. 
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Experimental cross sections for (p, »), (p, 2”) and (p, pn) reactions on 6Cu and 
for (a, 2), (w, 2n) and (a, pn) on ®°Ni plotted against #, and H, respectively. 
The same Compound Nucleus, *Zn, may be formed in both cases. The 
scale of H,, has been shifted 7 Mev with respect to Hy. After Ghoshal 
(1950). 
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+ The energy spectra of particles emitted from the Compound System °°Ni 
formed by the reactions Fe (a, «’) Fe (Lassen) and °°Co (p, «) 56Re (Brady and 
Sherr 1960) have the same shape within the experimental uncertainty. We 
are indebted to Professor R. Sherr and Dr. N. O. Lassen for privately com- 
municating these unpublished results. 
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When the excitation energy is increased even further the lifetime of the 
Compound System will ultimately be shorter than the nuclear relaxation 
time. It is then no longer possible to treat formation and decay mode 
separately ; the reaction must in this limit always be considered to be fast. 
When such excitation energies have been reached the concept of slow 
reactions is no longer useful. It is thus always necessary to compare the 
lifetime of the Compound Nucleus, which can be calculated, to the relaxa- 
tion time in order to determine if the conditions for an equilibrium system 
are fulfilled. 

The description of a nuclear reaction in terms of the decay of an 
equilibrium system of long lifetime in which phase relations can be neglected 
is called the ‘Statistical Model’ (Weisskopf 1937, Weisskopf and Ewing 
1940). It is the purpose of this article to examine and discuss different 
aspects of this model and its predictions, as well as some related properties 
of the excited nucleus. The most obvious importance of the statistical 
model is that it provides the opposite extreme limit to the direct inter- 
actions. As an asymptotic limit it should be studied in complete detail 
so that its predictions are precisely known and deviations can easily be 
established. It has long been recognized that the statistical theory 
qualitatively predicts the major part of nuclear reaction cross sections. 
The reason for this is mainly that the decay of an equilibrium system is 
governed by the available phase space. Quantitatively its predictions 
have not been much studied and its usefulness in that respect is still largely 
unknown. 

The purpose of the present article is to present a treatment of the 
different aspects of the Statistical Model and nuclear level densities from a 
theoretical point of view. As a consequence we will not refer to experi- 
mental material unless this has an immediate bearing .on the theoretical 
discussion. Our aim is thus not to give the best sets of parameters which 
presently describe the experiments, but rather to expose the connection 
of these parameters to other nuclear properties and to achieve an under- 
standing of the general features of the model and its consequences. 


§ 2. GENERAL FEATURES OF NUCLEAR LEVEL DENSITIES 


Almost any reaction has a tendency to produce a result that depends on 
the phase space available after the reaction. In the case of an equilibrium 
system the loss of memory of the formation mode leads to a decay which, as 
discussed in §§ 4 and 5, is governed entirely by phase space. A dominating 
part in the phase space in a nuclear reaction is played by the density of 
levels in the residual nucleus. Before proceeding further we will therefore 
discuss the general properties which are known or expected of nuclear 
level densities and review the present theoretical situation. 

The outstanding experimental feature of nuclear level densities is their 
extremely rapid increase with excitation energy. It is well known that 
typical spacings between the first excited states above the ground state in 
medium weight and heavy elements are of the order of a tenth or some 
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tenths of Mev. When the excitation energy is increased into the Mev 
region it is also well known that the complexity of the nuclear spectra 
becomes greatly increased and that the spacing between the levels is 
considerably decreased compared to that near the ground state. Studies 
of medium weight elements, where the individual states still can be resolved 
for several Mev show that this decrease with energy quickly attains orders 
of magnitudes. Indeed the decrease in spacings has the characteristics of 
an approximately exponential decrease or a decrease inversely propor- 
tional to a rather high power of the excitation energy. Again this same 
fact is demonstrated by the spacings of the neutron resonances usually 
observed at excitation energies of 6-8 Mev. In spite of the fact that only 
a small fraction of the total number of states can be excited by s-wave 
neutrons, due to angular momentum and parity selection rules, the spacings 
are extremely small compared to the spacings near ground state. In the 
region of heavy elements the resonances are spaced about four to five orders 
of magnitude closer than the levels at low excitation, corresponding to up 
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The total number of states up to excitation energy #, N(H), vs. E for 8. _ The 
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to millions of levels per Mev. This again proves that the level density 
must have an essentially exponential increase with excitation energy. It 
is therefore natural to study it on a logarithmic scale. As an illustration 
of this rapid increase of the number of states we have plotted the total 
number of states N(#) as a function of the excitation energy E for *8, 
which is such a light element that the individual states are known to quite 
high excitation (fig. 2, Ericson 1959). The dense spacing of the levels in 
the highly excited nucleus has also been verified directly by other means as, 
for example, by proton resonances. 

The comparison between the spacings of highly excited nuclear levels in 
neutron resonances at the same excitation energy has furthermore revealed 
that the level density is strongly influenced by nuclear shell structure. 
The density of resonances for magic or nearly magic nuclei is thus one to 
three orders of magnitude smaller than between the shells at the same 
excitation energy. The more detailed analysis of this effect indicates 
rather strongly that it is related to the larger low energy single particle 
spacings in the magic nuclei rather than to a shift of the entire energy scale 
of the excited nucleus (Newton 1956 a, Cameron 1958 a, Ericson 1958 b, 
El Nadi and Wafik 1959). A clear-cut demonstration of this is however 
still lacking. Thus there is a strong probability that the nucleus even at 
6—8 Mev retains some of the basic properties of its spectrum at low excitation. 
It is not known to what energies shell effects still will play an important 
role; it might be expected that their influence will disappear slowly with 
increasing excitation (Rosenzweig 1957b, Ericson 1958b). 

The striking difference in the low-energy spectra of odd and even nuclei 
has been known for a long time. While the odd nuclei show a number of 
states which often can be identified with shell model configurations, the 
neighbouring even nuclei have practically no states in the same region of 
excitation, and the few observed states can be associated with collective 
excitations of the nucleus, rotations and vibrations (A. Bohr and Mottelson 
1953). This state of affairs remains to an energy of about 1 Mev in a heavy 
nucleus. At this energy the spectrum of the even nucleus rapidly becomes 
complex and a number of states appear. The region of energy in the even 
nucleus in which only the collective excitations appear is called the nuclear 
energy gap; its existence is associated with the existence of pairing 
correlations in the nucleus (A. Bohr ef al. 1958). The sudden appearance 
of many states just above the gap can thus naively be regarded as the 
‘breaking of a pair’ ; the large number of states is then a consequence 
of the many different ways into which the unpaired particles can be 
rearranged. The difference in the spectra of odd and even nuclei is not 
only confined to the region near the nuclear ground state. It can be 
inferred from the spacings of neutron resonances. A direct demonstration 
is most easily obtained by a direct comparison of the number of levels as 
a function of excitation energy for neighbouring nuclei of odd and even 
character. Figure 3 demonstrates this quantity for odd, odd mass, and 
even nuclei in the iron region (Ericson 1959). The odd-even effect seems 
mainly to cause a shift of the effective excitation energy between the odd 
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and even nuclei. The magnitude of this shift is close to the value of the 
pairing energy as determined from nuclear binding energies in this region. 


Fig. 3 
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The total number of states up to excitation energy H for **Mn, ®°Fe, *’Fe and 
He vs. H. The experimental resolution is somewhat higher in the 
case of °*Mn than for the rest. The figure compares the total number of 
states for odd, odd mass and even nuclei. After Ericson (1959). 


In view of the dependence of the level density on shell structure and the 
appearance of the odd-even effect we must conclude that the average 
spectrum of the excited nucleus still retains some individual behaviour 
characteristic of the particular nucleus studied and that such features are 
not entirely averaged away. Besides the features of the nuclear level 
densities as discussed above there exists additional information on the 
distribution of spins in the excited nucleus and on the detailed variation 
of the level density with energy. These properties are however as yet not 
as well explored as the ones discussed. Further experimental data on 
the dependence of the level density on spin and energy are highly desirable. 

It must be required of any satisfactory theoretical description of nuclear 
level densities that it can explain and reproduce the basic features as 
discussed above. In order to assure a common description of the nucleus 
near its ground state and at high excitation it is tempting to try to apply 
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models which have proved their usefulness for low energy phenomena, to 
the excited nucleus. We will shortly see that the experiments do not 
permit too much leeway in the choice of a basis for the description. Near 
its ground state the nucleus has most of the properties of a system of 
independent Fermions, though the residual interactions manifesting 
themselves, e.g. in the collective excitations, are far from negligible. The 
great success of the shell model (Mayer and Jensen 1955) strongly demon- 
strates the validity of this picture. Compared, for example, to the shell 
model, we can immediately conclude from the experimentally known rapid 
increase of the level density with energy, that it is not possible to describe 
the highly excited levels as one-particle levels; the spacing of such levels 
would remain essentially constant. It is rather characteristic of the 
excitation of several nucleons simultaneously so that the excitation energy 
no longer is concentrated on one single nucleon. The larger complexity 
of the resulting spectrum is thus due to the many different ways into which 
the given excitation energy can be distributed among several excited 
nucleons. It is easy to convince oneself on the basis of a very simple 
model which can be solved exactly, that this indeed gives a very rapid 
increase of the number of states with energy. Consider a sea of only one 
kind of independent Fermions, and let the Fermions have one-particle 
levels which are equally spaced with a spacing d. The excited states of this 
system will thus always appear at multiples of d, sd, and will in general be 
degenerate. At excitation energy 0 we have one state only, the ground 
state, at energy d we have also one state produced by exciting the particle 
in the highest state, at energy 2d there are two states, one produced by 
exciting the particle in the highest state two steps and one by producing a 
hole by exciting the particle in the next highest state two steps, at energy 3d 
there are four states and so on. In fig. 4 we show a typical configuration 
of such a system and in fig. 5 we show the number of states at excitation sd 
as a function of sd. The exact solution of this problem was obtained and 
tabulated by Euler (1753) by the use of recursion formulas. 

We thus see that the rapid increase of the number of states with energy is 
basically only a result of the additivity or quasi-additivity of the energies 
of the Fermion states. In general we should expect it to be a feature of any 
system which on the average can be described by degrees of freedom, 
‘elementary excitations’, which have additive energies. It is of course not 
necessary for the states, as in our simple model, to appear as highly 
degenerate states at specific energies. The residual interactions due to the 
part of the Hamiltonian not described by a simple shell model potential 
will not change the shell model character of the states very strongly at 
low excitation energy because of their large spacing. They will, however, 
profoundly change the character of the highly excited states, which have 
small spacings. They will remove degeneracies which are not due to 
exact quantum numbers, and they will lead to the occurrence of very 
mixed wave functions. In this spirit it is not appropriate to ask about 
a single excited state, if it can be represented on the basis of a certain 
nuclear model. It is only possible to ask such questions about the average 
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Fig. 4 


Typical excited configuration for an equidistantly spaced Fermi system of one 
kind of particles. Two particles are excited, two holes have been 
created; the excitation is 7d. 


Fig. 5 
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The exact level density per unit single particle spacing p(s) for a Fermi system 
of one kind of particles with equidistant single particle levels vs. 
excitation energy s in units of this spacing. The solid smooth curve is 
the approximate solution (3.12), based on the continuous approximation 


and the saddle point method. 
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properties of the level density, such as the number of states per unit energy, 
distribution of spin-values, etc. It should be noted, however, that the 
residual interactions never create or destroy energy levels; it is therefore 
possible for the interactions to have a small average effect. 

The existence of a correlation between the shell model single particle 
spacing and the spacing of neutron resonances suggests strongly that the 
appropriate model for the description of the excited nucleus must be 
intimately related to the ordinary shell model. On the other hand, the 
existence of the odd—even effect also shows that it is necessary to go beyond 
the very simplest shell model aspect. The detailed attempts of descriptions 
which take such features into account will be discussed in the next section. 

In the sense we have outlined above the problem of calculation of nuclear 
level densities is essentially a combinatorial problem, or in other words, 
statistical mechanics. The analogy with statistical mechanics is so com- 
plete that a large part of the vocabulary about level densities has been 
directly taken over from thermodynamics. There is, however, a funda- 
mental difference. The nuclear system has at low excitation energy, in 
the region below 10-15 Mev, a very small number of excited particles. On 
the other hand, the usual results of statistical mechanics apply to large 
systems, where the number of excited particles can be regarded as large 
even at ‘low’ excitation energy, and the results actually represent asymp- 
totic expressions. As a typical example, the concept of temperature 
cannot be defined with greater accuracy than the spacing between the 
states, and is thus not completely well defined in the nuclear case. We 
must therefore re-examine the statistical approach to see at what points 
greater exactitude is required, and to what extent the analogy permits us 
to make general statements. We want to emphasize that the thermo- 
dynamic analogy is extremely useful for many qualitative arguments 
(cf. § 4) if used judicially. 

Suppose we are dealing with a system of eigen-values #,, Fy, ..., 
H;,... corresponding to a Hamiltonian #. We will entirely neglect the 
width of the states, an approximation that is extremely good up to energies 
slightly above the neutron binding energy and which for higher excitation 
energies should have little influence on the average spectrum. We define 
a partition function Z(B) by 


Z(p)=>,67 Fan Tree + an Ci eee cane 

The level density p(#) can be represented as a sum of Dirac delta functions, 
one for each nuclear state, 

p(L)= >,8(H-E,) =Tr8(E- #), SuMRS ay ee Loca d 

which averaged over an energy interval containing many states will agree 

with the usual notion of the level density as a smoothly varying function. 


Equation (2.1) can be expressed in terms of the level density of eqn. (2.2) 
as 


Z(B)= | “pcaye-e* ax. = Layee cece (OG 
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A formal expression for the level density can therefore immediately be 

expressed by the Laplace transform of the partition function: 
1 ico 1 fix 

ae ZA(pje de =r ml" dB=Trd(H-#)=p(H). (2.4) 

A knowledge of the partition function is thus equivalent to a knowledge 
of the level density. Equation (2.4) can be largely simplified by applying 
the method of steepest descent to the evaluation of the Laplace transform. 
The integrand of (2.4) has a minimum for £8, determined by 


d 
——_lnZ(f,)=H# SR PRU RE RSI (CEO 
ag, nAlBo (2.5) 
and the level density is then approximately 
zy = XP LINZ (Br) + Bol “a 
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The quantity which enters in the exponent of eqn. (2.6) is the entropy S 
of the system as defined in statistical mechanics 
S=InZ (Bo) + BH. . . . . . . (2.7) 


The value of 8 at the minimum is in statistical mechanics identified with 
the inverse of the temperature t of the system 


Lee: (2.8) 
The usual relation between entropy and energy will thus be valid: 
dS d dB) d dB, 1 ‘ 
—_— = — = —~_—_ —~=f/),=- 2.9 


using the definition (2.7) of the entropy and eqn. (2.5). We can therefore 
express the level density of eqn. (2.6) completely generally as 


A= exp (2.10) 


We notice that the level density in this approximation has become a 
smooth function, and that it therefore has been averaged by the application 
of the method of steepest descent. The region over which this average 
takes place is determined by the width y of the saddle point 


NN eee 


The average is determined by the ordinary weighting factors of statistical 
mechanics. The averaging procedure implies in particular that minor 
fluctuations and variations of the level density cannot be described in this 
approximation. 

In statistical mechanics it is usual to neglect the variation of the de- 
nominator of eqn. (2.10) as a function of energy compared to the much more 


oe eee ee ee ee 
+ For a simple discussion of the saddle point method see Morse and Feshbach 
(1953) p. 437. 
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rapid variation of the exponent. This is an approximation that should be 
good as long as the excitation energy is much larger than the temperature. 
This procedure is not very satisfactory in the nuclear case; the nuclear 
temperature is not negligible compared to the excitation energy at most 
excitations. The inclusion of the denominator in (2.10) is also necessary 
in order to study the value of the level density. We therefore conclude 
that while thermodynamics may provide guidance for the behaviour of the 
level density, especially at high excitations, deviations must be expected 
at low excitations. It is, however, convenient to use the language of 
thermodynamics; we will thus refer to the natural logarithm of the average 
level density as the ‘nuclear entropy’ and let its derivative with respect 
to the energy define the ‘nuclear temperature’ 7’. 


ae VT Rake Pe ee, TEP 


We point out that it is possible to associate several different temperatures ~ 
to the nucleus at the same excitation energy. The definition (2.12) or the 
entire technique involving the method of steepest descent could equally 
well have been applied to a set of levels in the nucleus having a special 
property such as given parity or angular momentum; each such class of 
states will have a temperature, in general different from that of the other 
classes. These temperatures will tend to the same value at high excita- 
tions. 

As in statistical mechanics it is advantageous to consider the grand 
partition function instead of the simple partition function (2.1). Instead 
of considering only the set of states characterized by given values of some 
quantum numbers M/,,, we consider all states of all possible values of MW, 
simultaneously. The quantum numbers J/;, may in particular be the 
number of neutrons N or protons Z in the nucleus or the projection of the 
total angular momentum on the z-axis. We will for simplicity consider, 
only one quantum number, NV, which may be the neutron number. The 
nuclear states characterized by N are the £,(N). The grand partition 
function is defined as 


Z(B, a)=>; pexp{av—BH(v)} . . . . . (2.18) 

with a corresponding level density 
p(H, N) =>, ,d(v-N) 8 (E—-E,(v)). se arte ee) 
The level density is again the Laplace transform of the partition function 


io 
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By application of the method of steepest descent to this integral we 


obtain the approximate expression for the level density 


exp {ln Z(Bo, x) + Bo — aN} 
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—too 


p(E, N) = (2.16) 
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The saddle point Bo, ao, is determined again by the condition that the inte- 
grand is minimum: 


H+ = In Z (Bp Ao) = 0, 
Po mh ieee ele) 
Wie ee In Z(Bo, A) = 0, 
Oxo 
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The parameter a is conveniently expressed by the chemical potential pz 
defined as 


Op = Bolt Sse eh dy au rpeeecaete SNR 


We notice that the level density p(H, NV) of eqn. (2.16) is a continuous 
variable of both # and N in this approximation, so that an averaging 
procedure in both H and N has been performed. 

In the preceding paragraphs we have established in a rather detailed 
way the strong correspondence between the techniques of statistical 
mechanics and those of the theory of nuclear level density. In particular 
we have seen that a knowledge of the partition function is equivalent to a 
complete knowledge of the level density. On the other hand, it must be 
emphasized that the equivalence of the formalism does not per se characterize 
the nuclear level density. In the establishing of the preceding relations 
no physical assumption entered regarding the system; the levels of the 
system were completely arbitrary. In particular it is not possible to make 
statements like “the nuclear temperature is an increasing function of 
energy’; indeed it is not difficult to suggest a model of the nucleus bearing 
a strong resemblance to the shell model for which the nuclear temperature 
as defined in eqn. (2.12) will even become negative in a certain energy 
intervaly. 

Additional information about the physical nature of the system, has 
therefore to be introduced in order to make any theoretical conclusion 
about the behaviour of the level density. The most satisfactory procedure 
for the calculation would be to start directly from the nucleon—nucleon 
interactions. Few attempts have been made in this direction (Bardeen 
and Feenberg 1938, Bloch 1954) due to the complexity of the finite many- 
body problem. Some recent treatments of the many-body problem 


+ It is of course possible to obtain a temperature in complete analogy to 
statistical mechanics if the level density is known as a function of energy. The 
partition function is determined as a function of from eqn. (2.3). The tem- 
perature can then be determined as a function of # by eqn. (2.5). This definition 
is not so useful in nuclear physics due to an insufficient experimental knowledge 
of the level density and also because the level density itself is the quantity of 


primary interest. 
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using statistical analogies indicate that progress may be made along these 
lines (Bloch and de Dominics 1958, 1959, Martin and Schwinger 1959). The 
ordinary procedure is therefore instead to make use of known properties of 
the nucelus at low excitation, and to extend the low energy picture to higher 
excitation. In particular, as we discussed in the beginning of this section, 
both the experimental level densities and the success of the shell model 
indicate that the nucleons to a first approximation should be regarded 
as moving independently in an average potential. In the next section 
we will discuss the application of these ideas to specific models for the 
level density. 


§ 3. MopELs ror NucLEAR LEVEL DENSITIES 


In the beginning of the preceding section we found that the variation 
of the level density with energy is that typical of a system which has a 
large number of degrees of freedom. As a consequence the models for the 
description of the nuclear level densities mostly picture the nucleus as 
a gas of Fermions which have a quasi-additive spectrum. Thus the nucleus 
has been considered as a system of free neutrons and protons confined 
to the nuclear volume (Bethe 1936, 1937, v. Lier and Uhlenbeck 1937, 
Lang and Le Couteur 1954, Rosenzweig 1957 a), as nucleons moving in 
a shell model potential (Bloch 1954, Newton 1956 a, Cameron 1958 a, 
Rosenzweig 1957b, Ross 1957, Ericson 1958b) and as nucleons with 
residual pairing interactions in a deformed well potential (Ericson 1958 a, 
b; Strutinski 1959, Lang and Le Couteur 1960). In all of these cases it is 
possible to express these models in terms of elementary excitations of a 
Fermion system. The philosophy of these approaches is to replace the 
complicated nucleon—nucleon interactions by an average potential; this is 
a reasonable procedure, particularly as we are only interested in the average 
validity of such a picture. In view of this it is necessary to develop general 
methods for the theoretical study of the level density of such systems. We 
will not go into detailed aspects of these considerations which necessarily 
are of a rather mathematical nature, but refer the reader to the literature 
(Bloch 1954, Ericson 1958 b). 

In so far as we need general methods, we will arbitrarily choose the 
formalism of the latter reference. 

In general a system of independent Fermions will have one-Fermion 
levels €,, €2, —, —, €,, —, —. A configuration of the Fermion system is 
characterized by the occupation numbers n, of these states, and these 
occupation numbers can only take values 0 and 1 because of the exclusion 
principle. Thus, the total number of Fermions N and the energy of the 
system FH are given by 

oe Ns a N, 


Dd teegell, 
We can associate a single particle level density g(e) with the set of states Es 
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(3.1) 
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similarly to eqn. (2.2). Furthermore the grand partition function 
(2.13) expressed with eqn. (3.1) becomes 


Z(B, x 0) = Daun, XP —{8>.%q Sg a> 2 Nn, = = s(l+e%- Bee), (3. 3) 


Taking the natural logarithm of eqn. (3.3) we then use eqn. (3.2) to write the 
result as an me 


In Z(8, a) = ¥,In (1 + 62-8) — | g(e)In(1+e*-"*)de. . . (8.4) 
0 
In the ground state all the one-Fermion levels ¢,, ¢,, —, —, €y are filled; 
the rest are empty. We define the Fermi energy e, to be 
EN ae €N+1 
2 


and can then use eqn. (3.2) to write 
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where H) is the ground state energy. The integral in eqn. (3.4) can now be 
identically re-expressed by splitting it into two parts, one from 0 to p= «/B 
and one from pz to 0: 


In Z(a p= |- {g(u + €) +9(u —)}In ( (1+e-*s) Jae+B| ae) (w— €)de 
come (g(u + €) + g(u— «)} In (1 +e7"*) de 
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We observe in doing this transformation that g(«)=0 for «<0 according 
to the definition (3.2). In eqn. (3.6) we have achieved a form of the 
partition function which explicitly displays the dependence on the number 
of Fermions in the system, which thus may be eliminated (cf. Ericson 
1958b). The nuclear Fermi system is highly degenerate. The great 
majority of the configurations corresponds to partitions in which the 
available energy is split up among several excited Fermions which each 
carry a rather small amount of excitation energy and the actual finiteness 
of the nuclear well depth is irrelevant. At very high excitation energies 
the average energy per excited nucleon becomes a sizeable fraction of the 
depth of the potential and it is no longer possible to treat the nucleus as 
degenerate. The special effects which then occur have been discussed by 
vy. Lier and Uhlenbeck (1937) and Rosenzweig (1957a). Important 
deviations from the features of the degenerate system should not occur until 
the excitation energy reaches values of several hundreds of Mev. At those 
energies questions of the self-consistency of the approach will constitute a 
more serious problem and we will therefore not treat this point. Asa con- 
sequence of this it is only necessary to describe the single particle level © 
density g(e) accurately in a rather small region around the Fermi energy ¢. 
For regions « which are outside the neighbourhood of the Fermi energy we 
can describe g(c) in a rather arbitrary way without affecting the result, and 
the most convenient one is usually used. 
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3.1. The Equidistant Spacing Model 
A very simple model, which at the same time is the prototype for the 
behaviour of several Fermi gas models, is that in which the one-Fermion 
levels all are equidistant with a spacing d (Bethe 1936). The one-Fermion 


states are thus d, 2d, —, sd, —. To evaluate the corresponding partition 
function we make the continuous approximation for the density function. 
g(e)=9,=0-- c+ Sars oe aa 


We have justified this approximation even in the region of «<0 by the 
arguments of the preceding page. 
The evaluation of the partition function is now immediate. 


2 
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We introduce the excitation energy of the system 
U=H—Hy Vs oe eee 
and proceed according to eqns. (2.16)-(2.18) to evaluate the level density 
by the method of steepest descent from eqn. (3.8). We obtain the relations 


amc O2 
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where ¢ corresponds to the thermodynamic temperature. The level 
density is given by the expression 

o [mm 1/2 
(U)= ale ov’) 
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The corresponding problem when there are two Fermion systems 
(neutrons and protons) can be solved analogously. If the equidistant 
spacings are d, and d,,, the average total single Fermion density gy is 

Jou, t+dyt=GytGp. » «4 2 eee 


The excitation energy is 2 
a Ua git “ee 


(3.12) 


and the level density is 


¢ ae 1/2 
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2G ene (3.15) 
It should be noted that g?/49,,g,, usually is close to unity. 

In this approximation the equidistant spacing model thus gives a 
remarkably simple expression for the level density. At high excitation 
the exponential factor in eqns. (3.12) and (3.15) is dominating. This has 
led to the commonly found statement that level densities should vary with 
energy as exp 2(aU)"?, where a is a constant. According to the above it 
must be emphasized that this statement is valid only for high excitations 
and for a model similar to the one considered, i.e. with a fairly well-defined 
average single fermion spacing near the Fermi levels. At low excitation 
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and for systems which have anomalies in the spacing near the Fermi energy 
deviations are to be expected. 

It is interesting to compare the approximate solution (3.12) to the exact 
solution of the same model, a problem solved in a different context by 
Kuler (1753). Figure 5 shows the remarkable agreement even down to the 
lowest energies. For excitation energies of the order U~d the approxi- 
mate solution is no longer valid, which might have been anticipated as the 
temperature concept has little meaning for excitation energies smaller 
than the single Fermion spacing. Lang and Le Couteur (1954) have 
improved the analytical expressions for the level density for this model, so 
that a finite result is obtained as U goes to zero. The experimental accuracy 
and the approximation of equidistant levels do not seem to necessitate 
higher accuracy than that implied by the simple expressions of eqns. (3.12) 
and (3.15), if it is kept in mind that they are valid only for U>g,7t. 

Similarly as in statistical mechanics, it is useful to introduce the average 
occupation numbers, ”,, corresponding to the configurations of eqn. (3.1), 

ler l 
°~ T+expfle— 1) 

For the simple model we have discussed we therefore have immediately 
that the average number of excited degrees of freedom, i.e. excited nucleons 
and their corresponding holes, is 


(3.16) 
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according to eqn. (3.14). The particles responsible for the bulk of the 
configurations will therefore come from a region of the order-of the tem- 
perature around the Fermi level, as, according to eqn. (3.18), the average 
excitation energy of the excited degrees of freedoms is of this order of 
magnitude. It is therefore sufficient to have an accurate knowledge of the 
single Fermion density g(e) in a region of this order around the Fermi 
energy. In view of this the equidistant spacing model should be a good 
approximation for the description of systems for which the average value of 
g(«) in a region of the order of t around e, will be a slowly varying function 
oft; it will not be adequate if there is an anomalous structure in the spacing 
around «, so that the average depends sensitively on how the average is 
performed. The latter situation is for example met in models in which the 
single Fermion spectrum has an energy gap at the Fermi energy. 

It is sometimes useful to have crude estimates of the level densities 
associated with the excitation of p particles and / holes in the equidistant 
spacing model. If we neglect that the particles (or holes) may coincide 
in the same single particle level, which is a good approximation as long as 
pg and h?g.! are small compared to U, the corresponding level density 


can be estimated to be 
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3.2. Angular Momentum Distribution 

In the considerations so far we have made no reference to the angular 
momentum or parity distribution of the level density. A knowledge, 
especially of the former, is indispensible for the theoretical understanding 
of the statistical nuclear reaction (cf. §5), but also for comparing the 
theoretical level density of a particular model with the level density of 
neutron resonances. These resonances, excited by s-wave neutrons, are 
subject to strong angular momentum and parity selection rules and can 
only have spin |j;+ 4|, where j; is the target nucleus spin. The calculation 
of the distribution of angular momenta is usually made by the technique of 
chemical potentials as discussed above (Bethe 1937, Bloch 1954); we will 
use the notion of random coupling of angular momenta, which is equivalent, 
but gives a physically clearer picture. 

In addition to being characterized by the energy «,, the single Fermion 
states are also characterized by the projection of the angular momentum 
on the z-axis, m,, or in the case of deformed nuclei, on the nuclear symmetry 
axis, Q, (Nilsson 1955). The case of deformed nuclei will be discussed 
later. The corresponding single Fermion level density should therefore 
have been written g(e, m) rather than g(e). The average occupation 
numbers 7, of eqn. (3.16) should therefore also be labelled by m,. ‘There is 
an equal probability for +m, and —m,, so that g(e, m)=g(e, —m) and 
there is a corresponding equality in the average occupation number for 
+m, and —m,. As a consequence of this, the average value of the pro- 
jection of the total angular momentum, J, which is obtained as the sum of 
all the projections m, for every state multiplied by its probability of 
occupation, 2,, must be 0. Therefore, if all occupation numbers had their 
exact average values, the system would have total angular momentum 0; 
the occurence of other angular momenta must be due to fluctuations of the 
occupation numbers away from their average values (cf. Le Couteur and 
Lang 1959). 

The probability v, that a Fermion in state s does not have the average 
occupation number 7,, is the probability of occupation of the state, 7,, 
multiplied by the probability of finding the state empty, 1—%,, so that 

ePles—H) 

The average number of particles and holes which are excited away from 
the mean occupation numbers can therefore be obtained from eqn. (3.19) 
exactly similarly as the average number of excited particles % of eqn. (3.17) 
is obtained from eqn. (3.16) and is 

v=o. iy Oe atau 

Each one of these v excited particles and holes fre a probability p(m) 
for different m-values. The average value of m, <m), is obviously 0, 
while the average value of m?, (m2), will differ from 0: 


“s \= ie p(m)mdm= 
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The value of (m?) is to a good approximation a function of the Fermi 
energy only. It can easily be calculated, e.g. within a single level of spin 7 
where for large j it becomes j2/3, or within a major shell of the shell model. 
We will later discuss (m?) on the basis of the WK BJ approximation, but 
have at this point only need for its existence. 

The projection of the total angular momentum, M, on the z-axis of the 
system is the sum of the projections of the v excited particles. These 
projections can have both different signs and different values. We now 
apply the idea of random coupling to this system, so that the distribution of 
M can be regarded as the result of the random values of the projections of 
the v excited particles and holes with the condition of eqn. (3.21) . The 
well-known central limit theorem of statistics then implies that the 
distribution of M-values for large v asymptotically becomes a Gaussian, 
exp { — J/?/207}, with a mean square deviation 

Cae ea Ait an) 1 © est es ty SE (On eo) 
by eqn. (3.20). 

The density of states of a certain VW is thus asymptotically related to the 

total level density of every possible M by 
ie p(U) fe 2 D) 
Pee anes) ei tie tet orce) 

It is also possible to obtain this result by introduction of an additional 
chemical potential in the partition function (3.3). Our derivation of eqn. 
(3.23) emphasizes, however, that this is only an asymptotic form valid for 
large v. ‘To illustrate this point, consider the case when p(m) is given by a 
rectangular distribution, a constant equal to 1/2h/ in the interval (—h, h), 0 
outside. This may be thought of as the p(m) for a shell model level of 
given largespinh. For two particles the distribution function for M, p,(J), 
has a triangular shape 

1 


(2h—|M |); [ar|<2n, | 
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(3.24) 
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already beginning to resemble the Gaussian. For v particles the distri- 
bution function p,(J/) is 
ih 1 ‘ v ey 

PAM) = ao SM (pHa 207, (8.25) 
where the sum is performed as long as M +h(v—2k)>0. These polynomials 
converge rapidly to the form (3.23) with increasing v. Our present 
experimental knowledge about angular momentum distributions is not 
sufficient to detect deviations from the Gaussian distribution. There are 
indications, however, that this will become an increasing problem at low 
excitations and in medium weight elements where the number of excited 
particles is small. In particular, the Gaussian of eqn. (3.23) will not be 
adequate for very large values of M. Because a finite number of particles 
cannot couple to arbitrarily large spin, the distribution function is then 


exactly 0. 
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From eqn. (3.23) the density of states of given spin j can be obtained by 
observing that this is the difference between the level density of spin M =) 
and M=j+1. Thus 


. 25-41) p(U) eae 
o(U,j)=p(U, M=j)—p(U, M=j+ij~ EDT), at (3.26) 


To each of the states of spin j in eqn. (3.26) there obviously exist (2) + 1) 
sub-states corresponding to the magnetic quantum numbers. 

The approximation in eqn. (3.26) is excellent for a very large range of 
values of j. To see this, take the ratio between the middle term of eqn. 
(3.26) and its approximate value, the righthand side. This ratio should 
be close to unity for the approximation to be useful. The ratio is given by 
sinh v/a with «=(j+4)/207, which is close to unity for (j+4)<5o?. The 
range of validity is so large that the mathematical breakdown of approxi- 
mation (3.26) occurs for larger values of j than those for which eqn. (3.23) 
(on which the approximation is performed) becomes invalid. In order to 
obtain a crude estimate of the magnitude of spin values for which the 
Gaussian distribution is inadequate, suppose that the particles responsible 
for the spin all have a maximum projection 1/<{m*) on the z-axis and 
neglect the exclusion principle. The corresponding value of the total 
maximum spin jy=v/ (m*) =07/4/(m?) by eqn. (3.22). For values of 
j>Jo the Gaussian approximation above is doubtful. The values of jo 
can be estimated by different means but its value is not strongly dependent 
on the method used. We notice that this value of j, easily fulfills the 
requirement for the validity of approximation (3.26) ; this approximation is 
therefore unimportant compared to the approximation (3.23). The limit 
to the validity of the Gaussian distribution is not only of academic interest. 
Nuclear reactions involving large angular momenta and emission of several 
particles or phonons already sample the spin-distribution at or close to j, in 
the last stages of the deexcitation process. 

The derivation of eqn. (3.26), by passing through the consideration of a 
random coupling of projections along a z-axis, which does not appear in the 
final result, does not reveal the true character of the result. The natural 
viewpoint is to consider the coupling of the angular momenta to be random 
in space. For the discussion we will assume the angular momenta to be 
classical vectors. With each of the v excited particles and holes there is 
then associated a vector which can have any spatial direction. If no 
spatial direction of the system is preferred and if (m?) is the mean square 
of the projection of the individual spins on some arbitrary axis, the density 
of states of spin j and energy U, p(U,j), is 
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so that the number of states in an interval dU of energy and with spin in a 
volume element d¥j is p(U, j)dU d3j. The number of all states at energy U 
with spin between j and j +d), p,(U,j) dj, is thus obtained by multiplying 
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eqn. (3.27) by the volume of the spherical shell of radius j, 4772 dj: 


72 
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2( 2a)? o? 
with o defined in eqn. (3.22). Equation (3.28) contains the density of all 
levels of spin j, therefore also the (2j+1) degeneracy connected with the 
magnetic quantum number of a level of spin j7. To compare with our 
previous result of eqn. (3.26) we therefore divide eqn. (3.27) by 2) and apply 
Kramers’s rule for going from a classical angular momentum to a quantal 
one; j then corresponds toj +4 andj? toj(j+1). With these substitutions 
in eqn. (3.28) we have for the density of states of spin j, magnetic quantum 
numbers excluded, p(U, j), 

24 + Ul) a. a 
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in agreement with eqn. (3.26). From this derivation it becomes obvious 
that the origin of the factor (2) + 1) in eqn. (3.26) is due to the volume element 
d?j in the phase space of the angular momentum and it must pheretor be 
regarded as completely geometrical. 

Equation (3.27) suggests that it should be possible to associate a rota- 
tional energy and a moment of inertia 7 with the nucelar spin distribution. 
Suppose that the density of states with angular momentum 0 is p,(U). 
These states have no angular momentum and therefore describe a non- 
rotating system. If this system is given an angular momentum fj we can 
expect an energy 


(3.29) 


hj? 
O77 
to go into rotational motion and the energy available for intrinsic excitation 
is thus U —(h?j?/27). The density of states of spin j is then 
F hj? 
Uj) =p, U- F age eee: es (3,30) 
As we have discussed previously, the level density has an essentially 
exponential increase with energy. As long as the rotational energy is small 
we can therefore make use of this and expand eqn. (3.30) as 
n 2, 


PCa poe Une we cae <a. (8.31) 


where 7’ is the nuclear temperature of eqn. (2.12). Comparing this to 
eqn. (3.27) we see that they are identical if we put 


U 
bay a aN ee (5:52) 
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which can be taken as the definition of the moment of inertia from the spin 
distribution. If we furthermore recall that at high excitation the nuclear 
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temperature 7’ and the thermodynamic temperature ¢ will tend to the same 
value, we obtain from eqn. (3.22) 
TFT =the 9, Cm"), ae ae, ces 
valid for the equi-distant spacing model in the continuous approximation. 
We have previously emphasized the strong similarity between the 
emission of particles from a classical liquid drop and the excited compound 
nucleus. With the introduction of a moment of inertia as in eqn. (3.30) 
the analogy applies equally well to rotating systems as will be seen in 
detail in §5. A rotating, classical liquid drop in thermal equilibrium has a 
rigid body moment of inertia. In view of this it should be expected that 
the nuclear moment of inertia tends towards the rigid body value at high 
excitation. Bloch (1954) has shown that the semi-classical WKBJ 
approximation applied to eqn. (3.34) gives this result for nucleons moving 
independently in an external central potential. The proof goes as follows: 
A Fermi gas of particles in an external potential V(r) has a mass-density 


u(r) given by 
wr) =4. 2 [2M (e— V(r) 2. Mh be igultet. A) Og 


at a point r, if / is the nucleon mass and ¢, the Fermi energy. The total 
number of nucleon states of angular momentum / and energy less than €, is 
4 (71 2M ; BP\ pe 
N (<9) = =| cal 7a («0 V(r)— 3 )] a ed 1) 
where 7, and 7, are the classical turning points. The density of states with 
projection m on the z-axis is thus 


Imax dl 
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where Imax is the maximum classically allowed /-value. The moment of 
inertia 7 of eqn. (3.34) is thus 


+0 R 
F =Heqym?y= 12 |” 9(€o; mm? dm=3 | rul(r)dt=TF visi (3.38) 


by elementary integration. Here dr is the volume element and R is the 
nuclear radius defined as the point where V(r) becomes equal to ¢). The 
moment of inertia depends therefore in this limit on the mass distribution ; 
for an infinite square well the rigid moment of inertia is 


2 
T rigid = 5 MAR. . . . . . . (3.39) 


The fact that we can associate a moment of inertia and a rotational 
energy with the nucleus in this way, does not imply that it is possible to make 
these statements for the individual states; it does not mean that it is 
possible to split the nuclear Hamiltonian into an intrinsic and a rotational 
part as in the unified model (A. Bohr 1952, A. Bohr and B. R. Mottelson 
1953). In this case the rotation must instead be considered an average 
property of many nuclear states, as with a classical equilibrium system. 
The moment of inertia as applied to the highly excited nucleus must not be 
confused with moments of inertia for nuclei in or near their ground states. 
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These quantities are not necessarily related, and in contrast to nuclei in their 
ground states it is not certain that the moments of inertia of the excited 
nuclei are reduced. The discussion of the spin distribution above shows 
that its general character is not very model dependent. The dependence 
of a particular model is mainly in the value of the associated moment of 
inertia. This moment of inertia has recently been determined from ex- 
periments for certain medium-weight elements (Ericson and Strutinski 
1958, Ericson 1959, Douglas and MacDonald 1959) and seems approxi- 
mately to be given by the rigid body value. This result can however not 
yet be considered as established. 


3.3. Parity Distribution 

The argument of random coupling that we used to obtain the spin 
distribution can also be utilized to obtain a crude estimate of the distribution 
of parity. Again, the parity distribution is due to fluctuations in occupa- 
tion number. The single Fermion states can have parity either (+1) or 
(—1). If there is an odd number of Fermions in (—) -parity states the 
resulting parity of the system is (—1). Thus, if there are v excited 
Fermions which have a probability p_ for negative parity and p,=1—p_ 
for positive parity, we conclude the following: the probability of finding k 
of the v Fermions in negative parity states and the rest in positive parity 


states is 
Vv 
Ve v—k , k 
(;,) alee Dae 


if vis aninteger. The probability of negative parity, P_, is thus obtained 
by summing this probability over the values of k which correspond to 
negative parity, i.e. odd values of k. 
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This relation is strictly true only for integer values of v. We observe 
that for even and odd nuclei v is always an even number; for odd mass 
nuclei it is an odd number. In order to apply this result also to non- 
integer average values of v we therefore should re-express eqn. (3.40) as 


ae Bess see (Dp Sh Oe 
1 for even and odd nuclei, 
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From these expressions we conclude that even a small admixture of 
negative parity or vice versa leads to a nearly equal probability of both 
parities. Asanexample: for 20% admixture and v= 6 we obtain P, = 0-52 
and P_=0-48. 

In the remainder of this section we will discuss the most important of 
the special models on which the theoretical study of nuclear level densities 
isbased. We will emphasize the problems and inadequacies connected with 
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the models. This must not conceal the fact that the behaviour of the 
level density is understood qualitatively, in many respects even quantita - 
tively, on the basis of these models, even though the description is not yet 
complete. The parameters of the models are closely related to other nuclear 
properties; the discrepancies between the predictions of these models and 
experiments must therefore be considered to be significant and they 
indicate features which go beyond these descriptions and the extent to which 
low energy nuclear models remain a valid description at high excitation. 


3.4. The Free Gas Model 
The model which historically has had the largest impact on the inter- 
pretation of experiments is Bethe’s free gas model (Bethe 1936, 1937, 
Lang and Le Couteur 1954). The nucleus is considered as a free Fermi 
gas of neutrons and protons of both spins confined to move in a volume 
V =(47/3)R®. The Fermi energy is thus given by the phase space occupied 


in the ground state 
4 | Mattes 
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The Fermi energy is thus 
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where J is the nucleon mass and 7, the nucleon radius. The density of 
single particle states at the Fermi level is 


Yo = Qn . . . . . . . (3.44) 


The level density is given by eqn. (3.15) with the parameters above ; 
the difference between neutron and proton single particle spacing is 
neglected, so that the factor go*/4g,,g, =1. The distribution of spin among 
the nuclear levels is given by eqn. (3.29) with o? from eqn. (3.33) with the 
rigid body value of the moment of inertia, 7 =? MAR*. The two parities 
are supposed to occur with equal probability. 

The final level density in this model is thus given by 


2 (2 1/2 
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The thermodynamic temperature ¢ is given by eqns. (3.14) and (3.44) as 
[U 1/2 
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where f=(4/7*)e9. The corresponding nuclear temperature 7’ is obtained 
from eqns. (2.1 ‘ and (3.45) to be 


th l 2 
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Thus this model predicts nuclear temperatures which at high excitations 
are given asymptotically by eqn. (3.46). As the Fermi energy does not 
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depend on mass number the temperature will decrease as a function of A 
for the same excitation energy and the level density will increase with A. 
An appropriate value of the constant f seems presently to be about 10 Mev 
with an uncertainty of the order of 25°%, which corresponds to a Fermi 
energy of 25 Mev. 

It is the very nature of this model that it describes the overall behaviour 
of the level density and its gross structure throughout the periodic table 
rather than the behaviour of the level density of any particularnucleus. It 
will therefore never describe shell effects or odd—even effects; the fluctua- 
tions in the average value of g) are not accounted for and the predictions 
of this model must therefore be taken as a guide rather than a detailed 
description. The virtue of this model is its extreme simplicity. 

The effect of nuclear surface oscillations have been included in this model 
(Lang and Le Couteur 1954). Present data have not been able to decide 
on the existence of this effect ; we therefore refer to the original paper. 


3.5. The Newton—Cameron Model 


In view of the marked shell effects in the observed level densities it is 
tempting to substitute the shell model (Mayer and Jensen 1955) for the 
free gas model. The importance of shell effects was first emphasized by 
Bloch (1954), who developed general methods to deal with the mathe- 
matical problem. The main difficulty in obtaining numerical results lies 
in the treatment of the single particle level density. A convenient 
approximation, first introduced by Newton (1956 a) and later used also by 
Cameron (1958 a), is obtained from the observation that the important 

region of the single particle spacing is in a small region of the order of the 
temperature t= around the Fermi level; it should therefore be possible 
to use the simple results of the equi-distant spacing model provided the 
exact single particle level density g(¢) is replaced by a suitably taken 
average over a region of this order. The dominating factor in the level 
density is the exponential factor of eqn. (2.16) for any independent particle 
model ; the importance of this term thus suggests that the proper weighting 
factor for an average is that referring to this term, which we see from eqn. 
(3.6) to be of the form 
w(e)=n(1+exp[—A(le—p])]). . . - ~« (3.48) 
In practice the chemical potential y is assumed to coincide with the Fermi 


energy €). The average density gq(t) is then 
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This average expression is regarded as the appropriate go to be used 
eqn. (3.11) from which the temperature ¢ can again be determined in terms 
of the known excitation energy U. An iterative procedure is applied and 
when g,(¢) becomes uniquely determined it is used for g,in eqn. (3.15). This 
approximation implicitly assumes: (1) that the chemical potential can 


(3.49) 
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be replaced by the Fermi level, which is often a very good approximation, 
(2) that g(t) is a slowly varying function of ¢ and does not depend strongly 
on the exact procedure used for the average. This procedure is that used 
by Newton. Cameron applies the same technique to average single 
particle level spacings instead of single particle level densities in order to 
improve agreement with experiments. This procedure is theoretically 
somewhat less justified. 

The angular momentum dependence of the level density is in both cases 
introduced similarly as for the free gas model. 

While the odd-even effect has no natural place in a shell model with non- 
interacting particles, it can be partially acccounted for by shifting the 
effective excitation energy of odd and even nuclei (ef. fig. 3). Newton and 
Cameron therefore regard the odd nucleus as representing a nucleus with an 
excitation energy appropriate for the shell model calculation while the 
ground states of the even and odd mass nuclei have been depressed by an 
amount similar to the corresponding odd—even shift in the semi-empirical 
mass formula (Metropolis and Reitwiesner 1950, Cameron 1957). The 
effective excitation energy is therefore reduced in this case by these pairing 
energies. While this is a good phenomenological description it is uncertain 
whether pairing effects, which presumably are cooperative effects, can 
be accounted for simply by such shifts, and should not be accounted for 
even in the further description. 

One of the main objectives of these authors is to obtain a quantitative 
description of the spacings of neutron resonances. It is thus necessary 
to obtain some explicit expression for the single particle levels to perform 
the average of eqn. (3.49). In the shell model the total angular momentum 
Js= |l,+4| of the states is a good quantum number; Newton observes that 
the density of such single particle shell-model states for large A becomes 
equal to wA?8, where « is a constant, if the nucleus is considered as a square 
well with a radius R=r,) A’. The exact single particle level density g(e) 
refers to both neutrons and protons and includes also the degeneracy of the 
states due to magnetic quantum numbers. Each of the shell-model states 
is obviously (2j,+1)-fold degenerate or nearly degenerate in magnetic 
quantum number and the corresponding single particle level density is 
thus approximated by 
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Here jy and j, are the spins of the neutron and proton shell model states 
which correspond to the particular d= N+Z. The appropriate values of 
jy and j, are obtained from Klinkenberg’s shell-model level scheme (1952) 
based on a study of nuclei in or near their ground states. The expression 
(3.50) can now be averaged according to eqn. (3.49). The constant « is 
left to be determined from experiments. 

The characteristic feature of this treatment is that shell effects enter 
only through the spins jy and j, and not at all due to the variation in 
spacing of the shell model states. As a consequence of this the magic shell 
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effects in Newton’s treatment occur just before the closed shells due to low 
values of jy and jz ™ that region. 

So as to introduce shell structure in a more natural way, Cameron deter- 
mined single particle orbits from his semi-empirical mass formula (1957) 
which is fitted to known nuclear mass excesses. To calculate single particle 
orbits from this formula he neglects the variation of the Coulomb and 
Coulomb exchange forces as the orbits of the first excited states in a shell- 
model do not change its volume; he also neglects the pairing term in the 
mass formula as representing a cooperative effect outside the shell model. 
From the remaining part of the mass-excess M1 (Z, A) it is then possible 
to define a proton-orbit spacing d(Z) by 

d(Z) = M1(Z, A)—2M1(Z—1, A—1)+ M\(Z—2, A-2) (3.51) 
and similarly for the neutron spacing d(), as long as this formula is applied 
close to the valley of beta stability. While Newton makes use of an adjust- 
able constant to determine his spacings, Cameron uses the values of the 
spacing as obtained from eqn. (3.51). 

In the further comparison with experiments these authors make use of an 
important approximation. They observe that the spins of neutron 
resonances almost always are low. Thus, it should be justifiable to replace 
the exponential cut-off factor of eqn. (3.29) by unity as long as j <o, so that 
the spin distribution of neutron resonances becomes approximately 
proportional to 27+1. Furthermore they observe that the moment of 
inertia 7 , related to o by eqn. (3.33) may well be reduced below its rigid 
body value. They therefore adopt the procedure of regarding the reduc- 
tion factor as an adjustable constant, the same for all nuclei, but keeping 
the A-dependence of 7. (In the actual articles this argument is carried 
out on (m?), but is otherwise identical). Therefore, 

(CAO emer me: soe as a rnc 002) 
The fit to the experimentally observed neutron resonances can now be 
carried out most accurately; the mean square deviation factor of the 
Newton expression is 3, of the Cameron one 1-7 for the ratio pexp/peaic. 
Especially the fit to the region of magic numbers, where the neutron 
resonance spacings differ from the spacings between shells by factors of up 
to 10 is greatly improved. The reduction factor for the moment of inertia 
is, however, in both cases large. Thus, the numerical coefficient of Newton 
corresponds to a ratio of the moment of inertia to the rigid body value of 
0-13, that of Cameron of 0-03 with ry = 1-2 Fermis (Douglas and McDonald 
1959)}. This reduction is so large that the neglect of the cut-off term in 
angular momentum is not justified. These reduction factors would imply 
that in medium-weight elements only neutron resonances of spin 0 or 3 
could occur in practice. The small value of the moment of inertia seems 
to reflect the use of a too large single particle spacing, as these effects tend 


to compensate. 
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+ Weare indebted to Dr. McDonald for pointing out to us that another statement 
about this ratio (Ericson 1959) contains a calculational error. 
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Asa whole the formulae obtained by Newton and Cameron represent the 
best fit at present to neutron resonances and they are recommended if the 
level density is needed in the neighbourhood of neutron binding energies 
and no experimental evidence is available. They cannot be considered 
reliable if the excitation energies vary by several Mev or more from this 
energy. The dependence on angular momentum can be ameliorated 

HG+1) 
simply by using an exponential cut-off factor e 20 with o% given by 
eqn. (3.33) and the rigid body moment of inertia (cf. Cameron 1959). 


3.6. The Rosenzweig Effect 

It has been emphasized by Rosenzweig (1957 b, 1959; cf. also Margenau 
1941) that the pure shell model should lead to a marked effect in the level 
density depending on to what extent the last shell is filled in the ground 
state. Thus if a sub-shell in the shell model has a degeneracy and is 
filled by k particles, these can be rearranged in n!/k!(n—k)! different, 
degenerate configurations at zero excitation energy. There is therefore a 
considerably larger number of rearrangement possibilities when the shell is 
half-filled than when there is only one particle in it. The number of 
rearrangement possibilities is symmetrical in the number of holes and 
particles of the last shell. At higher excitation this phenomenon will still 
exist in so far as the shell-model description is appropriate. It will gradu- 
ally decrease with energy as the single particle level spacings become small 
compared to the temperature. Rosenzweig has shown that this effect is 
describable to a good approximation as a simple shift of the excitation 

energy in eqn. (3.15) changing it into the effective excitation energy U?. 
(A= Lael. S(k - *) + tees AG — ey J. auelogea) 
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where d,, and d,, are the previous mean spacings between states and n and p 
are the degeneracies of the last-filled neutron and proton shells. The 
expression (3.53) was derived for an exactly soluble model consisting of 
equi-distant shell-model levels with the same degeneracy. The solution is 
expected to be similar in the general case. In particular, this effect is still 
expected to be easily discernible at excitation energies of the order of the 
neutron binding energy (though more exact expressions than the approxi- 
mation (3.53) may have to be used). The effect seems to be present in the 
neighbourhood of the closed shell Z=50, where the closure of the highly 
degenerate g? proton shell is favourable for its existence. It has been 
searched for in other parts of the periodic system but no definite conclusion 
about its existence has been possible in these cases. 

The Rosenzweig effect must be expected to be smaller than what might 
be first thought for two reasons. First the degeneracy is due to the spin- 
magnetic quantum number of the levels. From our previous discussion of 
the spin distribution (eqns. (3.25) and (3.29)) we conclude that of the total 
number of states in the half-filled shell a large number have high spin 
values, while the range of spin values will be much smaller when there is only 
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one particle in the shell. As the comparison of the number of states is 
usually done for nuclei with the same spin value (or reduced to the same 
spin value), the actual number of recombinations for the half-filled shell 
is reduced more strongly than that of the unfilled shell, decreasing the 
effect. Secondly, the large degeneracy of the ground state in the case of 
a halt-filled shell is removed by the residual interactions which in particular 
must be expected to lead to a certain depression of the ground state with 
respect to the unperturbed value. This effect is not present in the unfilled 
shell. ‘There will thus be a reduction of the effective excitation energy 
for the half-filled shell, again reducing this shell-effect. This may explain 
why the effect which should be of very general nature is easily discernible 
only in the most favourable cases. The occurrence of the effect at Z=50 
is, however, clear in spite of these reduction factors. 


3.7. The Newson Model 


Newson (1959) has recently tried a phenomenological description of the 
neutron resonance spacings in terms of a very special set of shell model 
excitations. Observing that the spacing between major shells is large, 
about 2Mev/nucleon, he attributes the most important excitations to 
rearrangements within the partially filled major shells. Of all possible 
such configurations he only retains the pair excitations (m, —m) of nucleons 
which have same, but opposite projection of angular momentum on the 
z-axis. In addition he also considers complex pair excitations, i.e. 
configurations in which such pairs have been excited to the next higher 
major shell or excited out of the next lower major shell. With these 
types of excitations only and with the a posteriori assumption of a spin 
distribution proportional to (2j+1) it is possible to account for the 
regularities in the spacings of neutron resonances with good accuracy, 
using only one adjustable parameter, the spacing between ‘pair 
excitations’. The physical basis for the inclusion of only these special 
types of excitations is not clear, nor is it presently possible to conclude 
whether this procedure has any deeper significance. In order to draw 
such conclusions it is first necessary to consider the angular momentum 
distribution, variation of the level density with excitation energy, etc., 
on the basis of this model and confront these results with experiments. 
We believe that the major result of Newson’s model, the good 
description of the variation of level spacings from nucleus to nucleus, 
may be a rather general consequence of the shell model and that this result 
may be rather independent of the special model used. This indicates the 
desirability of amore accurate evaluation of level densities on the basis of the 
ordinary shell model with the inclusion of the variation in distance between 
the shell model levels and the Rosenzweig effect. 

Ericson (1958b) has discussed the general effect of shell structure as a 
function of excitation energy. The ratio of the level density of nuclei with 
half-filled and filled major shells is a rapidly increasing function of excita- 
tion energy up to an energy of the order of go(hw)?/477, where the ratio 
reaches its maximum value. Here g, is the overall average single particle 
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level density and fiw the spacing between the oscillator shells which is about 
404-'3 Mev. The energy of full development of the shell effect is thus of the 
order of 10-15 Mev in heavy nuclei. At higher excitations the ratio is a 
slowly decreasing function which eventually becomes unity. At low 
excitation energies the shell effect, with the exception of the Rosenzweig 
phenomenon, is well described by eqn. (3.15) using a single particle level 
density averaged over a region of the order of the nuclear temperature ; at 
excitations higher than g)(/iw)?/47? it may be described by the same equation 
with a constant single particle level density g, but with an excitation energy 
counted from a fictitious ground state (cf. eqn. (3.53)). 


3.8. The Pairing Model 


While we thus see that the shell model accounts successfully for many 
effects of the level density, it does not touch on the problem of residual 
interactions, the effects of which have to be introduced a posteriori. From 
the marked odd-even effect (see fig. 3) we see that these interactions are far 
from negligible; a realistic model should therefore automatically give 
this feature, and should also be appropriate for a description of the main 
features of the nuclear spectrum close to the ground state. 

The unified model for deformed nuclei provides a suitable frame within 
which the effects of the part of the residual interactions which are due to 
pairing forces can be studied (A. Bohr 1952, A. Bohr and Mottelson 1953, 
Nilsson 1955, A. Bohr et al. 1958). The low-energy spectra of the deformed 
nuclei have two kinds of excitations according to this model; collective 
excitations, i.e. rotations and vibrations, and single particle excitations. 
The single particle states arise from the motion of a nucleon in the deformed 
average potential. They are characterized by the projection Q, of the 
angular momentum on the nuclear symmetry axis; the states are doubly 
degenerate in + Q,, since the reversal of the motion around the symmetry 
axis does not change the dynamics. The detailed distribution of single 
particle states has been studied by Nilsson (1955). 

For the purpose of discussing the effect of pairing interactions on level 
densities the detailed behaviour of the model is not necessary. Ericson 
(1958 a) has used the following simple picture. The single particle levels 
are assumed to be equidistant, as is indicated to arather good approximation 
by the Nilsson (1955) level scheme in the region of strongly deformed 
nuclei. Since two nucleons in the same degenerate orbit will have a large 
overlap of their wave functions, it should require an additional energy to 
break this pair and excite the two nucleons into unpaired orbits. This pairing 
energy is therefore of the ordinary Goeppert-Mayer type (1955). The pairing 
energy is taken to be a constant, 25, though in general it must depend on 
the character of the state. From this point of view the breaking of yz pairs 
will use an energy 2.6 of the total excitation energy U. After the subtraction 
of this energy the system can thus be regarded as a system of ordinary shell 
model character but with the additional condition that exactly pairs are 
broken, a problem which can be solved by the previous methods. 
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Since an orbit with two paired nucleons will contribute no projection of 
angular momentum on the nuclear symmetry axis, this contribution is due 
to the unpaired nucleons only. As in the case discussed earlier (eqn. 3.23) 
these projections will couple at random and yield a distribution for 
oN Dae | which is proportional to exp [— K?/ 2K?}, in terms of the average 
value of K?, K*, at this excitation energy. We can in analogy with eqn. 
(3.33) express K? in terms of the average number of unpaired particles, v, 
and the average value of (,? for one particle, K,?. 

OS ee eon bck caer Ls (3.54) 
To get an estimate of K, we can evaluate it for the last filled oscillator shell 
giving 
ae 
Kt = Se Meee et core ah oe (DD) 
where K,,, is the maximum spin value in that oscillator shell. 

We recall from the previous discussion of angular momentum distri- 
butions in spherically symmetric nuclei, that it was possible to associate 
these with a moment of inertia (eqn. (3.33)). In this case we can introduce 
a moment of inertia correspondingly ; it has to be taken with respect to the 
nuclear symmetry axis, because it is associated with the projections K on this 
axis (the ordinary collective moment of inertia is taken about an axis 
perpendicular to the symmetry axis) (cf. Halpern and Strutinski 1958, 
Strutinski 1956). Denoting this moment of inertia by 7), 

Tm 
Rakp=20 
At very high excitations, where pairing effects become unimportant, this 
moment of inertia tends to the rigid body value; at lower excitation its 
value is reduced below this limit, because the pairing energy reduces the 
number of unpaired particles. 

From the known single particle level spacing, the known pairing energy 
and the known value of K,, it is thus possible to calculate the density of 
intrinsic states at excitation energy U and with projection AK on the 
symmetry axis. We will not reproduce the expression for this quantity, 
which is somewhat complicated, but refer to eqn. (3.3) et seq. of the original 
paper. In analogy with the situation near the nuclear ground state, each 
of these intrinsic states may be considered the parent of collective states. 
The vibrational states may be neglected due to their large spacing, which 
makes them account for only a rather small fraction of the total level 
density. The rotational states account on the average for a part 

2 
ee ETP Key a tues. (3.57) 


oT, 


(3.56) 


of the total excitation energy U, where 7, is the moment of inertia 
perpendicular to the symmetry axis. The density of states of spin J and 
projection K is thus by eqns. (3.56) and (3.57) 


h? fel Le\ = 
pre(U)~Pr-o x-o(U) exp | — TT I(f-ly = alee a Fe |. (3.58) 
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This form for the level density is useful in the interpretation of fission 
(cf. §9). Each J can have all the values of the projection smaller than J, 
so that the density of states of spin J is 


I+% 
p(U)= & pra) | Pre UC) OK oe Pn oe ee ee 

For small values of J the level density is thus proportional to (2/ +1) as 
is to be expected on account of the previous geometrical interpretation 
of this factor. 

This model, which has no free parameters, gives a very good agreement 
with the experimental neutron resonances in this form. The odd-even 
effect enters naturally due to the pairing energy, and may be described 
as follows. The even—even nucleus behave similarly to the odd—odd once 
a pair has been broken and the same number of unpaired particles results 
in both cases. This costs an additional energy of 26. The odd mass nuclei 
are intermediate and an energy of 6 is expected to produce the same 
situation. This gives the rules for relating the different level densities. 


poaa(U) =peven(U +5), \ (3 60) 
Podd—odd = Peven(U + 28), Rey oy : 
valid for US6. 

It should be noted that already the intrinsic states provide a complete 
set of wave functions for the description of this model; the collective 
states can be built up from linear combinations of the intrinsic states, 
and in a certain sense this model therefore accounts for the same state 
twice. There is however a quasi-orthogonality between intrinsic and 
collective states close to the nuclear ground state ; thus this model provides 
a useful approximation in so far as this quasi-orthogonality persists on 
the average at excitation energies near the neutron binding energy. In 
other words, the model remains valid as long as the collectiveness of the 
rotational wave function implies a rather strong lowering of energy com- 
pared to the intrinsic states which make up the linear combination. 

Lang and Le Couteur (1959) have recently made an elegant investigation 
of the same model under the assumption that the entire level density 
is due to the intrinsic states only; thus the level density necessarily will 
be smaller than above with the same parameters. They first derive the 
level density of all spin states (corresponding to the level density of all 
intrinsic states in the Ericson treatment) and give a closed expression 
for this quantity using the same approximations as Eriscon, i.e. constant 
single particle spacings and constant pairing energies. The resulting 
approximate formula for the total level density P(U) is 


ON i tee 
exp{=7 — = gael +1 
P= ee 
12(nt)??(499)°? 


U=hgor" {b+ E+ alt)e-e} 
a=0:8746, 


(3.61) 
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The angular momentum distribution is obtained by consideration of 
the probability of occupation and the average occupation numbers of 
the single particle states. In the direction of the nuclear symmetry axis 
only the unpaired particles contribute to the projection of the angular 
momentum ; the probability of finding unpaired particle in the state ¢, is 

2 eB(u—es— 8) 


Ps Ty aes) 4 geBlu—) * (3.62) 
The average value of the total projection along the symmetry axis is thus 
—_— i d 
K2= ¥,pQ2 =F naa cotA+7 rf Pe neMen Stas} 
where cos A=e—* 
and (0 even nuclei, 


n= : 1 odd mass nuclei, 
| 2 odd nuclei. 


The rigid moment of inertia is that of the spherical nucleus. The term 
proportional to 7 arises from the particles which are unpaired even in the 
ground state. 

While the pairs do not contribute to the angular momentum along the 
nuclear axis, they will in general have an angular momentum in the plane 
perpendicular to this direction. The contribution to the angular momen- 
tum, Q, in this direction is thus due to both paired and unpaired particles. 
In the case of an even nucleus the total angular momentum of the system 
will be 0, if all the occupation numbers of the states have exactly their 
mean values; the angular momentum distribution will hence arise from 
the fluctuations of the occupation numbers from their mean values. 

With the occupation number n,, for the state s with projection +Q, 
on the symmetry axis and with n,_ for projection —Q, we have 


Ma =fggs Ny t=he . » » « « « (3,64) 
for the average value of the occupation numbers. The explicit form for 
N,, and n, is 

ePlu—es— 8) 4 e2B(u— €s) 
The expectation value of @ is obviously 0; the average value of its 
square due to the fluctuations is 


P= De (inet dys (ter? Me tM? — Me), » + + (3.66) 

where j, is the single particle spin and the symmetry axis is taken as z-axis. 

Under the assumption of deformations so small that they do not change 

the average value of j,2+/,? from the value for a spherical nucleus, this 
can be expressed in moments of inertia as 


d a 
PF gga( 1+ Ac0t +45) =27 yb peri = (3°67) 


Ne =N,_ aa (3.65) 


which determines the distribution of angular momenta. 


er ee 
+ The rest of the discussion differs from the presentation by Lang and 
Le Couteur, though the conclusion is identical. 
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In the classical approximation the distribution of the projection K 
along the symmetry axis must be 


n2 
pK ce ore OK...) ee ee 


The random coupling of the excited pairs and unpaired particles in the 
plane perpendicular to the axis gives the distribution of @ as 


ne ae n> 
pa d@ KdQ, dQ ye~ IF 1 On + Oy”) oc dQe- Ft ° (3.69) 


Since J?=@Q?+ K2, we have QdQ=TIdI for fixed K. The distribution 
over both K and J is thus 
nz 
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From the point of view that all states are represented by this equation, 

it will also contain the degeneracy of magnetic quantum numbers, 2/ +1, 

so that the actual distribution should have dropped such a factor. There- 
fore, in the quantal form and normalized 


] he apa ats rp iG el a fei? 
ea) Too FEF ye gee EY (a F) PU) 
(3.71) 


A factor of } has been inserted so as to let p,,(U) refer to states of 
one parity only. 

The distribution over I only is most easily obtained by observing that 
eqn. (3.70) has to be averaged over all possible directions of the symmetry 
axis in space. The total volume accessible in the angular momentum 
phase space must remain constant, so that we only have to replace the 
ellipsoidal volume determined by 7, and 7, by the same spherical 
volume corresponding to an effective moment of inertia .7 err: 


Fett OF in) rane ed 


with the spin distribution 
1 h3 

py(U) = TonyB Fo: we 
The comparison of the density of neutron resonances shows that in 
order to obtain agreement between these and the predictions of the model 
with pairing energies and conventional values of the single particle spacing, 
it would be necessary to reduce the value of 8 considerably below the 
value necessary to account for the odd-even effect. At present it does not 
seem possible to obtain a fit to experiments by any reasonable values of 
single particle spacings and pairing energies, as long as the pairing energy 
is kept constant. This extremely interesting result is a clear indication 
that either the effective pairing energies are reduced with increasing excita- 
tion, which would not be unexpected, or that it is necessary to retain the 


complete analogy with the low energy spectrum as in the calculation of 
Ericson. 


(21 +1)e- 10+) P(U), hed cs) 


_ Statistical Model and Nuclear Level Densities 461 


The models discussed so far are the principal current models for level 
densities; they have been worked out in detail and are well determined 
in terms of parameters which can be associated with other nuclear properties. 

In addition there exists a number of other models aiming at explaining 
a particular feature. The indeterminate nature of most of these models 
makes it extremely difficult to ascertain their relative value, in particular 
as they usually are of phenomenological nature. We will dwell further 
only on some of these models of current interest. 

Hurwitz and Bethe (1951) suggested that shell effects and odd-even 
effects on the level density should be accounted for phenomenologically 
by using a characteristic level different from the ground state and expressing 
the excitation energy with respect to this level. This conjecture seems 
well verified in the case of odd-even effect. (Newton 1956 a, Ericson 
1958 a,b, 1959) (see fig. 3); the work of El Nadi and Wafik (1958) who 
attempted to use the semi-empirical mass formula including shell effects 
in a verification of this hypothesis, indicates that important shell effects 
will still remain which are not explained by the characteristic level. 


3.9. The Nuclear Phase Transition 


Some general features of systems with pairing interactions have been 
considered by Ericson (1958b). It is shown that in general any system 
which has an additive single particle spectrum with an anomaly at the 
Fermi level that suppresses the excitation of unpaired particles, will 
lead to a relation between odd and even level densities according to eqn. 
(3.60). Itis not of importance if pairs can be excited near the ground state 
or if they are suppressed by an effect similar to the pairing energy as in 
the case of an energy gap model (A. Bohr ef al. 1958). The reason for 
this effect is that unpaired particles in the ground state are nearly equi- 
valent to the even nucleus excited to an energy which has an equivalent 
number of unpaired particles, i.e. for one and two unpaired particles an 
energy 5 and 25. Because of this it is also to be expected that this shift 
of energy will remain even if the average pairing energy 0 will go to 0 at 
higher excitations. We must therefore conclude that while it is necessary 
to use a nuclear model which includes the odd—even shift, it will in general 
not be possible to obtain additional information about the structure of the 
excited nucleus from this effect ; it is rather connected with the behaviour 
of the nucleus at low excitation. Additional information can only be 
obtained from an actual comparison of predicted and observed level 
densities. 

It is also pointed out by Ericson (1958 b) that in so far as there exists 
an energy gap or a pairing energy which does not depend on excitation 
energy, we must expect the temperature to vary more slowly with excita- 
tion energy than implied by eqn. (3.14) for equidistantly spaced single 
particle states, for all but the very lowest excitation energies. This effect is 
some-what similar to the constancy of the temperature which would result if 
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the nucleus is considered as a melting system (Weisskopf 1953, Trainor and 
Dixon 1956). Experimental evidence indicates a nuclear temperature 
(cf. eqn. (2.12)), which is approximately constant as a function of energy 
below 10mev in some medium weight elements (Fulbright et al. 1959, 
Ericson 1959, Brady and Sherr 1960). It is not yet possible to conclude 
that this effect is due to a nuclear melting because even the equidistant 
spacing model yields a nuclear temperature which is rather slowly varying 
for low excitation. The rather meagre experimental evidence indicates 
that the constancy of the nuclear temperature is more pronounced near 
closed shells. 

Ross (1957) has analysed level densities in terms of the equidistant 
spacing model with the aim of extracting the corresponding single particle 
spacing. In the analysis she used the spin distribution (3.29) with a 
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corresponding moment of inertia (eqns. (3.33) and (3.39)) appropriate for a 
nuclear square well potential. No corrections for odd—even effects or 
shell effects were included. This way of analysis emphasizes the gross 
value and gross variation of the single particle spacing; it suppresses 
nearly all minor fluctuations. As an example, the well-established 
odd-even effect is not observable in this analysis. The low value of the 
single particle spacings which obtains in this way (fig. 6) is surprising 
in view of the strong pairing effects near the nuclear ground state; these | 
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empirically derived single particle spacings d = d,,d,,|(d, +d) are of the same 
order as the spacings of single particle states as determined from nuclear 
spectroscopy once the degeneracy in magnetic quantum number is 
accounted for. The influence of pairing interactions would have tended to 
increase the spacings derived by Ross to values larger than the spectro- 
scopic spacings if persisting to high excitation. This isin agreement with 
the previously discussed result of the pairing model, that there is a 
deficiency of states if constant pairing energies are used compared to the 
actually observed number. Only when a systematic lowering of collective 
states is assumed is agreement obtained. We are therefore led to the 
conclusion that either (1) pairing interaction effects decrease with increasing 
excitation and have little influence at excitation energies of the order of 
neutron binding energies, or (2) a separation between collective excitations 
and single particle excitations has still an average validity even at high 
excitation as in the Ericson treatment. 

While it is possible that both of these possibilities are realized in different 
parts of the periodic system, the first of the two seems more attractive. 
This is particularly so in view of the recent description of pairing forces 
as analogous to the interactions giving rise to superconductivity (A. Bohr 
et al. 1958, Belyaev 1959, Soloviev 1959, Mottelson 1959). 

In the case of a superconducting metal the electrons having momentum 
(k, —k) interact so as to form a quasi-bound pair state (Cooper 1956; 
Bardeen et al. 1957), Electrons in such paired configuration interact 
coherently with other pairs, exploiting a small part of the total Hamilton- 
ian. The elementary excitations of the superconducting system are no 
longer even approximately determined by the simple Fermi sphere. 
The excitation of a pair of electrons or the breaking of a pair of electrons 
are both suppressed by an energy gap similar to the nuclear pairing energy. 
With increasing excitation the existence of excited pairs and broken 
electron pairs will more and more prevent the coherent scattering because 
of the exclusion principle, leading to a second order phase transition 
characterized by the disappearance of the energy gap. This transition 
takes place at a critical temperature; at higher temperatures the system 
will be in its normal state. 

In the case of deformed nuclei the degenerate states characterized by 
the angular momentum projection (+ Q,, —,) on the nuclear symmetry 
axis strongly resemble the electron pairs of opposite momentum. These 
pairs can again scatter into unoccupied states of the same type, the inter- 
action being usually considered to take place in the last major shell, 
The coherent scattering changes the spectrum of low lying excitations 
from |e,—€ | into 

E,=~v [(es— €)* +7] ge oy, et | (3,00) 


where 5 is a pairing energy due to the coherence. The excitation of a 
particle from a pair state r to a state s will cost an energy H,+4H,, i.e. to 
a first approximation an energy of 26, if the states r and s are close to the 
Fermi level. Similarly the excitation of a pair in state s costs an energy 
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2H, again an energy of the order of 25. Thus both the excitation of pairs 
and the breaking of pairs are suppressed by this new pairing energy and it 
is no longer possible to regain the pairing energy by reforming a broken 
pair in another orbit. With increasing excitation the increasing number of 
broken pairs will reduce the total numer of states into which pairs can be 
scattered, thus reducing the effective value of 6. Again we must expect 
that at a critical energy, determined by the number of unpaired nucleons, 
the coherence will disappear and the pairing energy will become zero. 
This picture of the pairing forces seems to describe the low-energy pairing 
effects well. No detailed study of this model for higher excitations exists 
at present. Qualitatively we must expect some kind of nuclear phase 
transition to occur. The nuclear phase transition will certainly not have 
the sharpness of the transition in a superconductor due to the finiteness 
of the number of particles. It should manifest itself by a more rapid 
increase of the level density in the transition region and by a sudden 
increase in the moment of inertia associated with the spin distribution. 
The probable energy region of this transition must on account of the previous 
evidence be expected to be low and at least for heavy nuclei below the 
neutron binding energy. Tentative estimates based on a complete analogy 
with super-conductivity indicate transition energies to be of the order of 
2-3-5 Mev for odd mass heavy nuclei. 

Above the transition energy it should thus be possible to use the ordinary 
shell model to describe level densities; the excitation energy should not 
be counted from the ordinary ground state, but from a ‘characteristic 
level’, the exact position of which is not known at present. 


3.10. Conclusion 


The theoretical results on nuclear level densities are of two different 
types. First are the results of a general nature which do not depend 
critically on the detailed model. Such are the mainly exponential increase 
of the level density with energy, the qualitative influence of nuclear shell 
structure, the distribution of spins among the states and the odd-even 
effect. The understanding of these effects is rather complete and no major 
changes in our description of the way they arise is to be expected. 

Second are the results connected with the actual number of states in 
an energy interval, the normalization of the level density. These predictions 
depend strongly on the detailed model used for the description and on the 
parameters, and they therefore provide sensitive tests of the validity of 
the model. Above we have presented arguments that the shell model 
without pairing interactions seems to provide an adequate description at 
the neutron binding energy with empirical values of the single particle 
spacing. The major present problem is therefore to obtain a detailed 
understanding of how the low-energy spectrum with essential pairing 
effects develops into the highly excited system with little average effect. 
We have given qualitative arguments for this based on present notions of 
pairing interactions which naturally seem to lead to a disappearance of 
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the pairing energy. Any definite conclusion must however await a detailed 
theoretical and experimental study of the properties of level densities 
below the neutron binding energy. 


§ 4. THE Evaporation APPROXIMATION 


In any nuclear reaction there is a certain probability for the formation of a 
Compound Nucleus, which has a long lifetime compared to the nuclear 
relaxation time. The internal motion of the Compound Nucleus is 
completely randomized except for the exact quantum numbers, energy, 
angular momentum, etc. We will for the further discussion of this 

“section assume that no restrictions are imposed by angular momentum 
conservation. These effects will be treated in detail in the next section. 

The existence of a well-defined intermediate state of the Compound 
Nucleus permits the application of the principle of detailed balance; 
the transition probability from a state a to a state b, w,,, is related to the 
transition probability from the state b to the state a, w,,, by 


Be Oe ie eg ABR rn we te es 1s) 
where p, and p, are the density of states a and and the star on w,,, indicates 
the time-reversed transition, i.e. the transition in which all velocities and 
orbital angular momenta have changed sign. 

The application of eqn. (4.1) to the Compound Nucleus is immediate, if 
the states have such a long lifetime that their width is much smaller than 
the level spacing. In the case of highly excited Compound Nuclei, which 
are often studied in nuclear reactions, the levels have large widths and 
overlap. In this case it is not possible to study the excited nucleus for a 
longer time than its lifetime and the uncertainty in energy is the corres- 
ponding width I. The principle of detailed balance (4.1) has in this case 
a meaning only as applied to the average transition probability for this 
energy interval. 

The application of eqn. (4.1) to the case when several levels are within 
the width I is in general complicated due to the occurence of interference 
effects between the matrix elements. It might however be expected that 
the matrix elements haverandomly distributed phases due to the randomized 
nature of the Compound Nucleus. This assumption is the basis of the 
Statistical Model. With this assumption the determination of cross sec- 
tions averaged over an incident energy much larger than I will not depend 
on interference effects; all cross terms will disappear and the angular 
distribution becomes symmetrical around 90°. Interference effects will 
still occur, however, if the energy determination is better than the level 
width. A further discussion is found in § 11. 

The statistical assumption of random phases has the consequence that 
the Compound Nucleus can be considered as a nearly classical system, as 
interference affects are the typical effects of wave mechanics, and such 
effects no longer occur in this approximation. In this case the Compound 
Nucleus is entirely analogous to a classical equilibrium system which is 
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decaying, the heated liquid drop or the radiation from a black body. These 
systems, both classical, are characterized, like all classical systems, by 
strongly overlapping levels. The case of radiation from a black surface is 
particularly similar. If radiation is incident on a hole in a nearly black 
box, there is a small but finite probability for emission after one or a few 
reflections within the box and this emission will still retain some phase and 
energy characteristics of the incident beam, corresponding to the direct 
interactions. The major part is reflected in a complicated way, comes to 
thermal equilibrium with the system and is finally emitted in a manner 
governed by phase space. The fact that both evaporation and black body 
radiation are determined by phase space makes it obvious that this is also a 
basic property of Compound Nucleus decay. 

To see this we apply the principle of detailed balance (4.1) (Weisskopf 
1937). Let the state a represent the intermediate Compound System 
which has a level density p,. We denote the probability per unit time of 
emitting a particle v with an energy LH, by P,(H#,). The emitted particle has 
a statistical weight factor g,=2s,+1 due toits spin; it has velocity v, and 
momentum p,. The residual nucleus has excitation energy #,* and a cross 
section for absorbing particles v into the compound state, o,*(#,). The 
nucleus and the particle are enclosed ina box of volume V. The probability 
of capture of particle v by the nucleus is v,c,*(H,)/V. The corresponding 
density of states is the phase space factor 

4np,* dE, 


Ts dp, 


for the captured particle multiplied by the level density p,(#,*) of the 
residual nucleus. Observing that 


dk, _ 
Lee 
we immediately have 
4 2 
PoP (B,)=9,—a5 0,*(B,) p(B,*) . . . . « (42) 


We implicitly assumed an infinitely heavy target nucleus; the derivation 
should have been performed for a finite nucleus in the Centre-of-Mass 
system. Lxpressing the particle energy /, as channel energy rather than 
particle energy and replacing the velocity wv, by the relative velocity between 
target and projectile the same expression results., 

The total probability of decay P is the sum of all particle probabilities 
of decay over all energies and all kind of particles. 


P=Y,|P,(H,)dB,. WMD teat accent HF 


een ene ene eee mised Sk a 

Tt We draw attention to the fact that in several currently used tables of cross- 
sections (Blatt-Weisskopf 1952, Shapiro 1953) the channel energy is called 
. pede energy’. We are indebted to R. Sherr and KE. Henley for pointing 
this out. 
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In an actual process the intermediate compound state is formed with a 
certain cross-section o,(a). The cross section for a specific emission is 
therefore determined by the competition of a particular mode with all 
possible modes and is therefore the cross section o,(@) multiplied by the 
relative probability of emission. 


P, (2) 


o(a; £,)=a((a) Pp Maco teld Sek BoP enalh o8( 45d) 
which we write explicitly by eqn. (4.2) as 
ee * 
o(a; E,,) =o¢(a) 9, Dy oy. (E) py (£,*) ; pt inet Fs) 


Sa | p,20,* (E,) p, (B,*) dB, 
(0) 


which is referred to as the Weisskopf—Ewing formula (1940). 

Equation (4.5) contains most of the characteristics of the statistical 
decay. The decay is independent of the way in which the compound state 
was initially formed ; this feature depends however on the explicit assump- 
tion of no angular momentum restrictions and is not generally valid. The 
dynamics of the decay process are entirely contained in the inverse cross- 
section o,*(H,,), while the remainder of the factors are due to the available 
phase-space. The dominating influence in the inverse cross-section is 
due to the penetrabilities and in this sense we can regard the Statistical 
Model as a phase space description of the decay including the effects of 
barrier penetration. The usefulness of the model is essentially due to the 
generality of the phase-space concept and to the fact that the density of 
states in the intermediate nucleus is irrevelant in so far as the experimental 
energy resolution is many times the average width of the states (over- 
lapping levels) or contains many states (non-overlapping levels). The 
weakness of the description is the occurrence of inverse cross sections which 
refer to excited states, for these cannot be determined experimentally, 
In particular it is not evident that the size, shape or barrier penetrabilities 
of the excited nucleus will be the same as in the ground state. Such 
effects will be discussed in some detail in §6. ‘The remaining characteristic 
feature of eqn. (4.5) is the occurrence of the level density of the residual 
nucleus. In the preceding sections we have discussed the theory of this 
quantity, which permits a direct comparison between theory and experi- 
ments. It should be noticed, however, that eqn. (4.5) contains ratios of 
level densities and that it will therefore mainly give the variation of the level 
density with energy. Furthermore, the experiments which give the most 
useful information on the level density are the energy spectra of emitted 
particles which according to eqn. (4.5) contain the factor o,*(H,) p,(#,*). 
Therefore, the inverse cross section is not separated from the level density. 
The usual procedure is to divide out, not the unknown inverse cross 
section, but the cross section o,(H,) for the nucleus in its ground state. The 
remaining quantity therefore consists, not only of the level density, but 
also of the ratio o,*(H,)/o,(Z,). The influence of this quantity can be 
studied by comparing different reactions leading to the same residual 
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nucleus by emissions of different kinds of particles. At present there 
seems to be little evidence for strong deviations from ground state cross- 
sections for excitation energies below 50 Mev. 

In spite of these principal difficulties, the generality of the phase space 
description is such that the Compound Nucleus description is rather 
satisfactory for a very large class of nuclear reactions. In the entire 
description it avoids explicit reference to the detailed dynamics of the 
emission process and to the possibility of preformation of the emitted 
particle inside the nucleus. These quantities are implicitly contained in 
the inverse cross section, and in particular it is not possible to introduce 
preformation as an additional and separate concept. 

It should also be noticed that there has been no specification as to what 
kind of particles are emitted. As a consequence the Statistical Model, 
being mainly a phase space model, also encompasses the emission of com- 
plex, heavy particles and even of fission (Fong 1956), if the available 
phase space for these processes becomes large. We refer to later sections. 

There exists a purely classical approximation to eqn. (4.5), the evapora- 
tion approximation, which makes the analogy with evaporation from a 
classical liquid drop complete. This approximation is extremely useful, 
when used discriminately, to obtain first estimates of cross sections, ex- 
citation functions and shapes of the energy spectra of the emitted particles, 
although it is certainly not accurate enough for a detailed description. 

The evaporation approximation involves two assumptions: (1) The 
nucleus is considered as a classical black body which absorbs all particles 
incident on its surface. The particles are considered to have completely 
classical trajectories so that in the absence of barriers the cross section 
would be completely geometrical; with Coulomb barriers B, the inverse 
cross-section is in this approximation 


0 for. Ti, <b 
* = 
0, (Z,)= ohe( x z) for E, > B,, . . . (4.6) 


(Blatt and Weisskopf 1952). (2) The nuclear temperature (eqn. (2.12)) is 
taken to be a constant in the relevant region of emission, so that the level 


density p,(H,*) can be approximated by p,(U,)e— 7, where L,*=U,—E,,. 
If the object is to obtain a first orientation of the cross sections or relative 
cross sections, the nuclear radius R and the nuclear temperature 7’ may be 
considered the same in the different residual nuclei, as long as the Coulomb 
barriers are not concerned. This approximation is somewhat more 
restrictive than the preceding. 
Introducing the non-relativistic channel energy for particles p,2/2, = EZ, 


with j., the reduced mass of particle v into eqn. (4.5) we can write (neglecting 
y-emission) 


qy My E, a (Z,) Py (H,*) 


a(a; L,) =o¢(4) c 
Sra | E,o,* (E,)p, (B,*) dB, 
0 
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In the evaporation approximation the distribution in energy of the 
emitted particles is therefore 
0 ee | #ohscewle 
a(a; H,)o E, ea (4.8) 
(H,—B,)e 7 OM Up fe oe 
Particularly, in the case of neutrons for which there is no Coulomb barrier, 
it is given by 
o(a; E,)cH,e 7’ St Tat gern ha pte 
which is exactly the Maxwellian energy distribution of particles evaporated 
from a liquid, which has given the name to this approximation and the 
name evaporation spectrum to eqn. (4.5). The typical shape of evaporation 
spectra is thus the low value below the Coulomb barrier, the rapid rise in 
the neighbourhood of the barrier with a maximum which, in the case of 
eqn. (4.8), is at an energy 


: | rig Neck Ul Ey «Cacia de acne eae. oom mida sont (a i) 
The average energy LH, is similarly obtained to be 
Le rez Deco ie te (4.11) 


At energies of the emitted particle larger than Z,,,, the cross section de- 
creases exponentially. We want, however, to emphasize, that, in the case 
of charged particles, the actual maximum of the spectrum due to the 
tunneling effect occurs even below the classical barrier in many cases 
(cf. $6). 

A similar estimate can be made for the spectrum of evaporated y-rays. 
The main part of the evaporated y-rays is usually dipole radiation. The 
inverse cross-section is therefore proportional to 1, for y-energies that are 
such that the compound state energy is well below the dipole giant 
resonance energy of 15-20Mev. ‘The phase space factor p,? of eqn. (4.5) is 
in this case proportional to H,? so that the spectrum of y-rays is 


Ey 
o(a; H,)cH %e F ee errs ne so 4.12) 
with a maximum energy 
Wee mee an. es (4518) 
and a mean energy 
ee Ade MOE delice unser a. (4.14) 


In the remainder of this section we will discuss gross-features of cross 
sections on the basis of the evaporation approximation. It must be kept 
clearly in mind that these estimates represent simple tendencies for 
relative cross sections and are intended for orientation only. In this 
discussion we will neglect the emission of y-rays as compared to particle 
emission, a procedure which is justified for excitation energies of the 
Compound Nucleus higher than a few Mev above the neutron binding 
energy. This discussion therefore does not immediately apply to capture 
reactions. The total cross section for emission of a particle v is obtained 
by substituting the evaporation approximation into eqn. (4.7) and 
integrating over all energies of the emitted particle. We carry the 
integration over the energy /, up to the limit + 00, because the exponential 
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decrease of the spectrum implies that this procedure introduces only 
small errors. With the same nuclear radii and temperatures we therefore 
get for the cross section o(a; v) initiated by a process a; 
sap} es Jy My Py(U y= By) 4.15 
ee ae > Irs p Oi De aie 
Here U, is the maximum possible energy of the residual nucleus after 
emission of the particle v and is therefore determined by the reaction 
Q-value, 

OU = B+ Ga te 5 ee ve Ca Dee ee 
with EF, the incident channel energy. In writing the level densities in 
eqn. (4.15) as p,(U,—B,) we have explicitly used the assumption of a 
constant nuclear temperature. Equation (4.15) can be still further 
simplified by observing that the level densities of neighbouring nucleides 
are very similar but for the odd-even effect (eqn. 3.60). In the preceding 
section we showed that the odd—even effect was equivalent to a shift in the 
excitation energy by an amount closely equal to the pairing energy as 
entering in nuclear binding energies. 

We introduce the notation 4, for this shift, so that 
0 for even residual nuclei, 7 


5,= 4 6 for odd mass residual nuclei, oie ah) 


v 


28 for odd residual nuclei. 


Introducing eqns. (4.16) and (4.17) into eqn. (4.15) we therefore obtain 
in this approximation 


av + 6,—B, 
raverp(Quct8e= Ba 


pS Jy bey EXP {fet 


which is in a convenient form. 

An interesting consequence of this odd—even effect in the nuclear level 
density, namely that the cross-sections o(a; v) should not vary appreciably 
with the oddness or evenness of the target, is apparent from eqn. (4.18). 
According to eqn. (4.18) the condition for this result is that 

Qav +9, — Vow 5,7 COnKb.. x es 
where the constant has to be independent of the decaying Compound 
Nucleus. Inso far as the odd-even effect of the level density is describable 
by a shift in the excitation, which coincides exactly with the pairing energy, 
this is indeed so. As an illustration consider the decay of an even—even 
and an even—odd Compound Nucleus by «-particle and neutron emission. 
Denote the Q-values without pairing effects by Q,,andQ,,9. The expression 
of eqn. (4.19) is therefore in the case of an even-even nucleus 
Q.9+9—(Qno—26)—5, in the case of an even-odd nucleus it is 
Q.20+5—Qno—90, and therefore in both cases Qio—Qno +9. 

This result can easily be shown to be approximately valid even outside 
the evaporation approximation, and it applies also to capture reactions. 
In considering this effect we neglected the differences in pairing energies 


a(a; v)=0,(a) 1 b\dns set eee 
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for neutrons and protons. If, as seems probable, the odd—even shift is the 
sum of half the pairing energies of the odd nucleons, the effect will still be 
valid even in regions of large differences of proton and neutron pairing 
energies. Discontinuities in pairing energies should be noticeable, how- 
ever. 

We can state this rule in the following way : 

The combined pairing effects in binding energies and level densities 
cancel in such a way that evaporation cross sections become approximately 
independent of pairing effects. 

While no systematic attempt at verifying this rule has been made, it has 
been observed that (p, «) cross sections in medium weight elements do not 
show odd-even regularities (Fulmer and Cohen 1958). The effect should 
provide one of the best means of indirect study of the odd—even shift of the 
level density. 

The shape of the energy spectrum of the emitted particles as given by 
eqn. (4.5) will in general depend on the excitation energy of the Compound 
Nucleus. If the inverse cross section o,*(H,) depends neligibly on excita- 
tion energy and the nuclear temperature T is a constant over the pertinent 


range of excitation the shape of the spectrum is proportional to 
Ev 


o(a; E,)cE,o,*(E,)e 7’ Sk cae tae 420) 
which does not depend on the excitation energy of the Compound Nucleus. 
Variation of the shape of the energy spectrum with excitation energy is thus 
evidence that one or both of these assumptions are invalid. 


§ 5. THE StatisticAL MopDEL AND ANGULAR MOMENTUM CONSERVATION 

In the preceding section we considered the decay of an equilibrium system 
with the explicit assumption that no restrictions were imposed by angular 
momentum conservation. In this section we will investigate to what 
extent this approximation can be considered valid and extend the treat- 
ment to the general case. 

While discussing the statistical assumption of randomly interfering 
matrix elements we noted that this assumption made the analogy between 
the decay of the Compound System and the decay of the classical equilibrium 
system complete. This approximation does not by itself imply that all 
effects of the non-commutativity of operators can be neglected ; in particu- 
lar, quantum effects due to spin and angular momentum will still exist. 
The classical nature of the statistical assumption has, however, the con- 
sequence that the effects of angular momentum conservation can be per- 
fectly well understood from completely classical considerations simply by 
regarding all angular momenta as classical vectors, neglecting the intrinsic 
spins 4% of neutrons and protons. The results of this approximation are 
nearly always qualitatively and quantitatively right.t This has the 


+ The quantal results, in so far as the Compound. Nucleus decays to a few 
definite states of the residual nucleus, have been treated by Wolfenstein (1951) 
and Hauser and Feshbach (1952). The latter article though apparently dealing 
‘ with inelastic neutron scattering can with a few trivial changes be applied to 
more general reactions. 
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additional advantage of avoiding the Clebsch-Gordan formalism, which 
becomes difficult to handle when many and high angular momenta occur. 


5.1. Qualitative Considerations 

In the spirit of the statistical model as a phase space description of the 
decay of the equilibrium system, it is therefore natural to take angular 
momentum effects into account by the available angular momentum phase 
space. 

Consider the decay of a Compound Nucleus which has been formed 
with angular momentum I. The emitted particle has an orbital angular 
momentum 1, the residual nucleus a spin j. The conservation angular 
momentum requires 

I=1+j. 1. pe» Us Sag ee een oe 

The assumption of the preceding section that the decay of the Compound 
Nucleus was independent of any restrictions arising from angular momen- 
tum conservation therefore implies that eqn. (5.1) should give rise to no 
restrictions on the direction or length of the orbital angular momentum | 
of the emitted particle. Such limitations are in general imposed because 
the value of the spin of the residual nucleus is not arbitrary. For a constant I 
we have the relation between the volume elements d*1 and d*j of 1 and j: 

Plt Bj =0.0 os oe oe 

If, therefore, no restrictions are imposed on the volume element d*1 the 
same is true for d*j, which means that every unit volume of the phase space 
corresponding to j is equally probable. Therefore the probability of levels 
in the residual nucleus having spin between j and j + dj is 

pj dj c4nj" dj. BP eae et tat) 4 FS 
Comparing this to the previous discussion of the distribution of spins 
among the levels in the excited nucleus (eqns. (3.27)—(3.29)) we find that 
the corresponding quantal distribution is 
pyc +1, sp ye See eee 
which thus leads to a complete decoupling between the formation and 
decay models of the Compound Nucleus. Therefore, the neglect of angular 
momentum conservation is a good approximation only when the j-values 
corresponding to the effective values of J and Jin the process are distributed 
according to eqn. (5.4). 

The extreme opposite case obtains when the spin j of the residual nucleus 
is very small, so that the orbital angular momentum of the emitted particle 
has to align completely with the angular momentum of the Compound 
Nucleus by eqn. (5.1). As the orbital angular momentum is always 
perpendicular to the direction of motion of the particles, these will all be 
in the plane perpendicular to 1. We can therefore describe their angular 
distribution by the Dirac delta function 8(n.1), where n is the direction of 
emission, If the spin of the target nucleus is 0 or small, we can consider 
the angular momentum of the Compound Nucleus as entirely due to the 
orbital angular momentum of the incident particle and it is therefore 
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perpendicular to the incident beam. We have therefore to average the 
angular distribution, as given by the delta function above, over all direc- 
tions perpendicular to the beam, i.e. over the azimuthal angle ¢. The 
angular distribution for the aligned case, W,,(0), is then 


SOP SE Ge ee ee ant as 


27} 9 al sin @ 

where @ is the angle between the direction of emission and the beam direc- 
tion. A typical feature of eqn. (5.5) is its large value for small sin 6. 
This occurs, because particles are emitted in the forward and backward 
direction for every direction of I, when the alignment is complete, and is 
therefore due to a ‘piling up’ effect. Therefore even a small decoupling 
of 1 from I will smear the angular distribution near the beam direction, while 
it remains essentially unchanged elsewhere, removing the discontinuity. 

We will now discuss the qualitative aspects of the angular distribution 
in more general cases. At present we will neglect any dynamical effects, 
which will effect the penetrabilities of the outgoing particles. These are 
taken to be constant. 

If the emitted particle leaves the residual nucleus in a state of definite 
spin j;, the conservation of angular momentum, eqn. (5.1), obviously 
implies that 1 has to end on a sphere of radius j; around I (see fig. 7). Thus, 
while 1| stillis essentially aligned with I, it is decoupled from I by the freedom 
to end anywhere on this sphere. There will therefore be a maximum 
decoupling angle, #), determined by 


sind, = 22. Bre Rak hy eee. 0) 
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y ine of angular momentum vectors in case of a 0 spin target and a residual 
ie sae spin jp. The orbital angular momentum 1 of the emitted 
particle is restricted to lie on a sphere of radius jp around the end. point 
of the angular momentum J of the incident particle. The decoupling 

angle #, is the angle between I and a tangent to the sphere. 


P.M.S. 2K 
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Because of the decoupling, the angular distribution (5.5) will now be smeared 
near the beam direction within an angle of the order of the decoupling 
angle. For directions far from the beam direction the angular distribution 
is nearly unchanged and is still close to 1/sin@. For constant penetrabilities 
the angular distribution can be obtained explicitly (Ericson 1960) in this 
limit 


1 for sin@<sin#, = 4 
W(O)a 4. : 
2 arcsin —2f for sin@>sind, =2f 
7 Jsin 0 0 Tactuctel aca 


which clearly expresses the features obtained from the qualitative dis- 
cussion (see fig. 8) The characteristic of this asymptotic geometric angular 
distribution is the constancy for angles sin@<sin#, and the minimum at 
90°. For sind,> 1 it reduces to the isotropic distribution. In this case 
dynamic effects become important and can even give rise to a maximum at 
90°. As this article mainly deals with the decay of the Compound Nucleus 
to many levels in the residual nucleus, we will refrain from the further 


Fig. 8 
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Classical angular distribution of particles emitted in the case of a 0 spin target 
and a residual nucleus of spin jy. The transmission coefficients of the 
emitted particles are assumed independent of its orbital angular 
momentum, The ratio between the spin of the residual nucleus jy and the 
angular momentum J of the Compound Nucleus is $. In the quantal 
case the angular distribution will be more smeared in the neighbourhood 
of the decoupling angle. After Ericson (1960). 
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discussion of different cases of transitions to one level in the residual 
nucleus and refer to the literature (Wolfenstein 1951, Hauser and Feshbach 
1952, Kricson 1960), 

In the case of transitions to many states in the residual nucleus, it is more 
appropriate to study the angular distribution for fixed value of the angular 
momentum / of the emitted particle and varying lengths of the spin j of the 
residual nucleus. The exponential cut-off factor in the spin distribution of 
the level density, eqns. (3.27)-(3.29), will again tend to align 1 and I to 
within a decoupling angle %). When 1 is only weakly decoupled from I, 
we can estimate this angle as follows: the probability of reaching residual 
states of spin j is proportional to exp {—j?/207}. Thus by eqn. (5.1) the 
probability of 1 making an angle # with I is determined by 

ee ee rie) Cae ga acre a 
e Qo2 e 202 o2 ~e 20% e 20% =e 202 r $92 . (5.8) 


for small #. This therefore determines the decoupling angle #, to be of 
the order 


a= (FF). Bett N RS eM ee (020) 


As before the angular distribution will be smeared in a region of the order 
of 3, around the beam direction, while it has the character of 1/sin @ as in 
the aligned case for angles with sin@>sin#,. We note that the relative 
emission probability is reduced by a factor r,, defined as the effective 
solid angle 0, =7%,? within which 1 lies, compared to the total solid angle 
47 and multiplied by the reduction factor exp {—(/—J)?/207}. Thus 

@-1? @-1? 
Bee ee Re ert et) (510) 


Therefore not only the angular distribution is affected but also the 
total emission probability. This effect favours the emission of particles of 
angular momentum / close to I for large J. 

In the discussion so far we have implicitly assumed that 1 has nearly 
the same direction as I, i.e. that the decoupling angle 0)<7/2. In view of 
the strong directional correlation between these two vectors in this case we 
will call this the case of strong coupling of 1 to I. When the decoupling 
angle 3, becomes of the order of 7/2, there is very little restriction on the 
direction of the orbital angular momentum | and the angular distribution 
becomes nearly isotropic. Because of the weak directional correlation 
between land I we therefore call sin #, > 1 the weak coupling case. 

In the weak coupling limit it is useful to consider the emission of particles 
as analogous to the classical evaporation from a slowly rotating liquid drop. 
From our treatment of the distribution of spins among the levels in the 
excited nucleus we found that it was formally possible to take this into 
account by considering part of the excitation energy as being due to rota- 
tional motion (eqn. (3.30)); the moment of inertia associated with the 
rotation tends towards the rigid body value at high excitation (eqn. (3.38)). 


2ieZ 
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In the discussion of the influence of angular momentum effects as due to the 
spin—cut-off factor o in the level density, we could therefore as well have 
considered the angular momentum conservation (5.1) to be supplemented 
by energy conservation with rotational energy accounted for: 


U 205 A 
eet 


Here U, is the excitation energy due to internal modes of excitation only. 
From eqn. (5.11) we conclude that the treatment in the previous section 
where angular momentum effects were neglected corresponds to the 
assumption of an infinite or very large moment of inertia in order that the 
residual nucleus acts as a reservoir to take up the angular momentum 
balance. This is in complete agreement with eqns. (5.2)-(5.4) which 
state that the nuclear spin-distribution is due to phase space only in the 
case of no angular momentum restrictions. (cf. eqn. (3.29)). 

In order to study the deviations due to angular momentum conservation 
from the simple evaporation approximation of the preceding section we 
consider the rotational energy of eqn. (5.11) to be small. We make an 
expansion in the angular velocity w=hI/.7 of the Compound System. 
In any measurable quantity we will only find terms proportional to powers 
of w?, because, averaging over the direction of spin I of the Compound 
Nucleus, +Iand —I, thusw and —w, enter onan equal basis. The angular 
distribution of emitted particles will be symmetric about 90° for the same 
reason. The only quantity in w? associated with the emitted particle is the 
fraction of the total rotational energy (R?/.7)Eyot, due to this particle, 
when it is at the nuclear equator. Here Eyot=7w?/2 is the rotational 
energy of the Compound Nucleus. In order to make this expansion 
parameter dimensionless it has to be divided by the other characteristic 
energy of the particle, its average kinetic energy 27’ just inside the nuclear 
surface. Using only the first correction term to the isotropic angular 
distribution we can approximately write the actual distribution 


ph? E rot 

W(@)ocl + const. FF wT 

It will later be shown that the constant is unity. Similarly we can estimate 
the change in the average kinetic energy due to the rotation for the emission 


of neutrons. This depends on the same expansion parameter and is thus 


. cos? 6. - S SAg Lone 
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B~27 + const. Exot ee Pee ees 


and the constant will be shown to be ¢. 


5.2. Formal Solution of the Classical Approximation 
We will now proceed more formally and put the previous qualitative 


discussion in a quantitative form. The mathematical technique is that of 
Ericson and Strutinski (1958) and Ericson (1960). As before we neglect 
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the intrinsic spins of emitted particles compared to their orbital angular 
momenta, though we take them into account as statistical factors. We 
also neglect the spin of the target nucleus. 

As in the preceding section the derivation makes use of the principle of 
detailed balance. Consider the decay of a compound system of angular 
momentum I by emission of a particle v of energy H, and orbital angular 
momentum lin the directionn. The residual nucleus is left with an excita- 
. tionenergy H,* andaspinj. The probability of decay per unit time by this 
emission is denoted by P(I; H,, n). We denote the density of states of 
angular momentum Tin the Compound Nucleus by p, (I), the corresponding 
quantity in the residual nucleus of spin j by p,(Z,, j). Detailed balance 
applied to this classical problem therefore gives 

pI) PI; B,, n)dB,dQ, = 

3 
Feed | dov(n, B,) | 8+ j—T)p(H*, ja]. . (5.14) 
in analogy to eqn. (4.2). Here do,(n,#,) is the pertinent inverse cross 
section, i.e. the cross section for capture into the compound state of 
particles incident on the excited residual nucleus with orbital angular 
momentum —I from the direction —n, and 6°(r) is the ordinary 3- 
dimensional Dirac delta function. 

In the following we will use inverse transmission coefficients and cross 
sections for the emitted particles without explicit notation. The corres- 
ponding quantities for the incident particle refer to the nucleus in its ground 
state. 

The partial inverse cross section do,(n, H,) can, following Ericson and 
Strutinski (1958), be expressed in terms of the scalar product of land n and 
the Dirac delta function as (cf. eqn. (5.5) and earlier) 

do,(n, E,) =228(n.1)T{?(#,)@l, . . . . (5.15) 
which simply expresses the perpendicularity of the direction of motion to the 
orbital angular momentum. The dynamics of the problem are contained 
in the transmission coefficients T,(#,) for absorption of the Ith partial 
wave. 

The density of states p,(H,*, j) in eqn. (5.14) has been discussed in detail 
in§3. The distribution of spins was there shown to be 

ES af ere _ G+) 
pAH,*,i)=p(H,*, 0)e 27%» =p,(H,*,0)e 2? = —po,(H,*)e Pr" (5.16) 


We will in different contexts make use of these forms. The last is the 


quantal correspondence. 

If the transition, instead of taking place to many states as represented by 
eqn. (5.16), goes to an individual state of spin j,, the corresponding density 
of spin-states is classically a. | 

p(j) j= an ay, ae Drees (617) 
7. q 
This case has been treated in detail by Ericson (1960) and we refer to the 


original article. 
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We denote the differential cross section for particles emitted in the 
direction n with energy #, by o(n,#,). Just as we obtained the cross 
section for a reaction in the preceding section (eqn. (4.4)) by multiplying 
the total cross section for Compound Nucleus formation by the relative 
probability of decay, so we obtain the differential cross section o(n, H,,) by 
multiplying the cross section for formation of the Compound Nucleus with 
angular momentum I by its relative probability of decay; the product is 
then integrated over all I. We observe that the total probability of decay 
per unit time of a system of angular momentum I, P(I), as well as the total 
probability of emission of a particle v with energy H,, P(I; H,) must be 
independent of the orientation of the system. 


We can therefore write the cross section 


; PU yn) 
A? 9 3 
B,)= | AP8K 4H Ley ei P(L) 
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Here ey is the transmission coefficient for formation of the Compound 
Nucleus by the /th partial wave of the incident particle; 4 is the azimuthal 
angle describing the position of I perpendicular to the beam. We note in 
passing that eqn. (5.18) does not depend on the intermediate level density 
p,(I) provided there are states available. 

The cross section in eqn. (5.18) therefore consists of a factor containing 
the angular dependence multiplied by the total cross section of corres- 
ponding angular momentum : 


o(n, By) =n? | “217, W,(n,H,)dl . . (8.19) 
‘ 0 


oP; E,) 
P(L) 
with 
ly (7? s Pen) 
W,(n, £,) =— ee é 
y(n a =|. dd PU; E,) (5.20) 
The angular part W,(n, #,) is normalized so that 
| W,(n, 2) dQ=1n 5. 5 ele Se 


We now apply sas (5.14) and (5.15) to obtain on explicit representation 
OL (Ts) WAN, deals 


P(L; B,) W,( b,) = =|" déP(1; E,, n) 
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The distribution of spins p,(H#,*, j) is now substituted from eqn. (5.16). 
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The resulting integrals can be carried out explicitly (Kricson and Strutinsk 
1958) yielding 
EH * 9) oe) = (Sen 
P(L; E,)W,(n, B,) = 22#,*,0) | 2T"(H,)e 20,2 j,( 124) W,(n, E,) dl 
pPlL)h Jo 0, 
. (5.23) 
: sin x : 2 

where j,(x) = and W,(n,#,) is the angular distribution for given I 


andl. The latter is given by 
2k) Veet e ney Lt 
Se(— AD] Gaps | Jaa’) Ponlo0s 0) 
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1 
W,(n,#,) = — (5.24) 


with j,(%) spherical Bessel functions of order n. Thus by integrating 
eqn. (5.23) over the solid angle of the emitted particle 


242 
1 g,p,(H,*,0) f°... -—-./. I 
dE ge oh = BAe Ae ee pA} EH 2o, = Sete 5.25 
(15 B,) = 7 be [. THe jo(is)al (5.25) 


Substitution of eqns. (5.23) and (5.25) into eqn. (5.19) and the observa- 
tion that the total probability of decaying is obtained by summing over all 
different emitted particles and their energies gives finally 
o(n, E,) = nh? | “2IT,Odl 

Bat. 

sye(By*0){ 2B, Je jp (iA) Wyle, By 
oO, 
: 242 
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Equation (5.26) represents the entire solution to the Compound Nucleus 
reaction when the decay goes to the statistical region of many levels. It 
should be noted that the quantity oc, which enters in this equation depends 
on the excitation energy of the residual nucleus. 


5.3. Special Limits 

The remainder of this section will be devoted to a discussion of different 
approximations of eqn. (5.26), in particular the weak and strong coupling 
limits discussed earlier, and of its region of applicability. We will also 
briefly discuss some of the information which is obtainable by the particular 
effects of angular momentum conservation in the statistical decay. 

The parameter which determines whether the angular momentum of 
the emitted particle, 1, is strongly or weakly coupled to the rotation is 
the value of II/c,? as compared to unity for the effective values of / and J, 


Ii/c,2>1 for strong coupling, } pail 22/527) 
Iij/c,2<1 for weak coupling. 

The physical reason for these limits was discussed earlier in terms of 

the decoupling angle #, (eqn. 5.9) as compared to a/2; the formal reason 
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results from eqns. (5.24) and (5.26) and corresponds to taking the limits 
of the spherical Bessel functions j,,(i2) which are functions of the parameter 
Ti/o,? 


jn (ia) > when «z>00, 
& (5.28) 
Syn 
inti} ay when z->0. 


The complete decoupling limit obtains if o,»c in which case 
eqn. (5.24) becomes 
1 . 
Wn, E,}—>—, - - » - » + (6.29) 
yielding complete isotropy. Similarly, applying this limit to eqn. (5.26) 
and recalling that the total inverse cross section o,*(£,) is 


7 h(E es | “ST, UR dl. ae tO 
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we immediately obtain 
gyk,?o,*(E,)p,(Z,*, 0) 


9, i" k,20,*(B,)p,(E,*, 0) dE, 


in agreement with eqn. (4.5) and again verifying that no angular momentum 
restrictions are imposed on the decay, if the level density has a distribution 
of spins proportional phase space. 

In the strong coupling limit the substitution of the asymptotic expansion 
(5.28) of the spherical Bessel functions into eqn. (5.24) gives 


W,(n, £,)>— > ak] Eh an 

AT oe Son (2*k!)2 272 sin 0’ 
which is the angular distribution of eqn. (5.5) characteristic of complete 
alignment of 1 with I. In the spirit of eqn. (5.10) the relative emission 
probability is reduced by a factor r,, due to the correlation of 1 and I as 
compared to the decoupled case. Simple inspection of eqn. (5.26) yields 
this fraction as 


erage (seks 


o(n, H,) = of 


] Paxloos 0) = (5.32) 
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This quantity is obviously unity for o,>0o; for Il/o,2<1 it becomes 
» aoe 
ty—> sre 80, | enc had aes Ce ae 


in accordance with eqn. (5.10). 
The weak coupling limit is obtained by applying the expansion of 
eqn. (5.28) to eqn. (5.26) for J and / smaller than o,. Retaining only terms 
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in Il/c,? which give rise to deviations from isotropy to first surviving order 
we obtain for the resulting angular distribution 
(ee 
W(n,F,)~1 + [aga fF 2(co8 O it Rees Pe. Mabe. 35) 
where the average values of J? and /? have been obtained by the use of the 
weighting factors 


6 @) ¢ (») 
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0 
While the validity of the approximation (5.35) in principle depends on 
the smallness of both J and 1 compared to o, its range of validity is in 
practice usually determined by the smallness of J/ compared to o,2. In 
many reactions [>/, which usually follows from the strong decrease in 
energy of the emitted particles as compared to the energy of the incident 
particles. The extended validity is due to the strong cancellation between 
[2 

factors of the type e 2¢,2 which occur in both numerator and denominator 
of eqn. (5.26). This approximate cancellation is due to the slow variation 
of o,” with excitation energy. | 

Applying the sharp cut-off approximation, i.e. using transmission 
coefficients which are unity in the classically allowed region and 0 outside, 
we obtain 


P=} reiepee = mneaer: ae ° 5 5 0 (5.36) 


where ,, is the mass of the emitted particle and # the nuclear radius. 
Therefore the evaporation approximation applied to eqn. (5.37) to 
obtain the average value 1,2 over the entire spectrum yields 
I3- 2m TRE 
rE h2 
Introducing this result as well as the rotation interpretation of the spin 
cut-off factor o, (eqn. (3.33)) the average angular distribution W(n) can 
be written 


(5.37) 


Re RL? LR? Brot 
W(n)~1 th og! heer = P,(cos@), (5.38) 


which is in agreement with eqn. (5.12). 

Similarly and in the same approximation we may ask for the average 
change of kinetic energy of neutrons evaporated, due to the angular 
momentum of the Compound Nucleus. In an entirely analogous manner 


we obtain the average kinetic energy in direction n, H(n) 

72/,2 R?2 

BT: (2+ P, (cos @)) SOT a Eyot(2+P,(cos @)), (5.39) 
120, Li 

which averaged over all angles agrees with the qualitatively argued 
eqn. (5.13). The average energy is thus a function of the direction of 


Bin) ~ 201+ 


emission. 
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We draw attention to the fact that the angular momentum effect can 
be considerable in the case of successive evaporations of particles (Ericson 
and Strutinski 1958). A highly excited nucleus is mostly de-excited by 
the emission of neutrons and protons, which do not carry off large angular 
momenta for energies close to the average evaporation energies. The 
decoupling angle #, of eqn. (5.9) can therefore be large, indicating weak 
coupling of the direction of the angular momentum to the Compound 
Nucleus angular momentum. As a consequence the angular momenta of 
the first evaporated particles are both small and couple essentially at 
random, so that the direction and magnitude of the initial angular 
momentum will not be appreciably changed. In the last stage of the 
evaporation a large angular momentum has to be disposed of because 
only low spin states are available in the residual nucleus. The last particle 
will therefore be emitted strongly coupled to the initital spin giving rise 
to angular distributions close to 1/sin@. This effect can be important even 
when the angular momentum initially brought in is not very large. It has 
been observed in the (n, np)—reaction in medium weight elements, induced 
by 14Mev neutrons (Allan 1959, analysed by Douglas and McDonald 
1959). 

An important aspect of effects of angular momentum conservation in 
the statistical decay is that it permits a determination of the spin cut-off 
factor o, or, in other words, the moment of inertia which enters in the 
level density. The present data indicate that the nuclear moment of 
inertia is that of a rigid body if r, is taken to be 1-2 Fermis (Ericson and 
Strutinski 1958; Douglas and McDonald 1959) with an uncertainty of 
20-30%. This is in agreement with an analysis by Ericson based on 
directly measured states as compared with levels of one spin only which 
gives similar results with similar accuracy (Ericson 1959). As previously 
emphasized (eqn. (3.39) f.f.) the appearance of a nearly rigid moment of 
inertia is not in disagreement with the values of moments of inertia found 
in nuclear spectroscopy; the moment of inertia which appears in the 
Statistical Model is not necessarily associated with a rotational spectrum 
and is an average property of many levels. 

The case of a transition to individual states in the residual nucleus can 
be used for a study of nuclear level densities when they occur in competition 
with transitions to the statistical region. With increasing excitation of the 
Compound Nucleus, the probability of a transition to the statistical region 
increases proportionately to the level density relative to that of a single 
state and the cross section for transition to the individual state will there- 
fore rapidly decrease. As any special mechanism which also populates 
the state will conceal the Compound Nucleus contribution, if it is small, 
the following discussion is probably mainly applicable to reactions induced 
by relatively low energy particles and y-rays. 

We will assume the decay to the statistical region to take place mainly 
by neutron emission, as is often but not always the case; angular 
momentum selection rules are mostly of neglibible effect due to the low 
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energy of the incident particle. In the evaporation approximation for 
the transition to the statistical region, we obtain the total cross section 
for a low spin target j;, if the residual spin is jp, to be (Ericson 1960) 


Pr a7 T+ __(v) 
aie anal 1 alg, fa xat (E,)dl. 2» fee 40) 
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Here U,, is the maximum possible energy after neutron emission and 
Pon(U,,) refers to the level density of 0 spin and both parities in the residual 
nucleus corresponding to neutron emission. Though this result is obtained 
in the classical approximation the main change to obtain the quantal 
form is the replacement of the integrals by sums. We observe that we 
have a method which in principle allows us to obtain the level density of 
0 spin for excitation energies different from the neutron binding energies. 
It requires a crude knowledge of nuclear temperatures but is not very 
sensitive to this quantity. This method has never been used for a study 
of level densities, as far as is known to us. 

The classical approximation of angular momenta as used in this section 
must be expected to be reliable as long as descriptions which violate the 
uncertainty principle are not attempted. In the case of cross sections the 
major change in going to quantum mechanics is the replacement of 
integrals by sums and the replacement of classical variables / and I by 
1+4 and J+4, /? and J? by U(/+1) and J(1+1), according to Kramers’s 
rules. In the case of angular distributions it is also well known that these 
will quantally be described by sums of Legendre-polynomials which all 
have a degree less than or equal to the smaller of 2/ and 2J. Inspection 
of eqn. (5.24) for the angular distribution reveals immediately that the 
condition for this to be valid is 


i < 2min(J, ) 

Cy ail Meat wanes deat. ( 5.4.10) 
or max(J, 1) <2c0,?. 

When this condition is no longer valid, the total cross section is still 
adequately described; the angular distribution has however a decoupling 
angle which is no longer determined by eqn. (5.9), but by 1/2 min(J, 1); it is 
however correctly described for larger angles. 

Douglas and McDonald (1959) have carried out computer calculations of 
the angular distributions, which correspond to the exponential cut-off in the 
spin distribution, retaining the exact Clebsch-Gordan coefficients. Their 
results indicate that the classical approximation produces results which 
agree closely with the exact solution. 


§ 6. INVERSE CROSS SECTIONS 


A typical feature of the Statistical Model is the appearance of inverse 
cross sections and transmission coefficients, i.e. such quantities for 
particles incident on nuclei which are in excited states. These cross 
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sections and transmission coefficients contain the entire dynamics of the 
decay process. 

For obvious reasons it is not possible to use highly excited nuclei as 
targets and deduce these cross sections experimentally; our knowledge 
of these quantities relies entirely on experiments involving Compound 
Nuclei and on theoretical expectations. The Statistical Model offers in 
principle a method of studying these cross sections and of deducing some 
properties of the excited nuclei therefrom. 

The theory of inverse cross sections is not in a very satisfactory state 
at present. We will in the following examine the background of presently 
used inverse cross sections and in particularly determine how well these 
have to be known to allow conclusions about properties of the excited 
nucleus. We will furthermore discuss the special effects which may occur 
in the inverse cross sections, mostly due to different mechanisms for 
increasing the effective nuclear radius. . 

The tacit assumption which is inherent in all applications of the Statis- 
tical Model, whether referring to angular distributions or total cross 
sections, is that of smooth variation with incident energy. It is well 
known that experiments performed with high energy resolution in the 
region of non-overlapping levels exhibit not only resonances, but also 
strong variations of the resonance widths from level to level. A somewhat 
similar situation is to be expected in the region of overlapping levels though 
not yet displayed experimentally. The Statistical Model always assumes 
that such rapid variations have been averaged and that the resulting 
inverse cross-sections are smoothly varying with energy. The average 
may have been performed in the intermediate nucleus by using a fairly 
large energy spread in the incident beam, or it may arise by an average 
over many states in the final nucleus, or as is mostly the case, by both. 
The consequences of such averaging will be further discussed in §11. 
In all cases the appropriate inverse cross section is the average cross section 
taken over many states; it has therefore a great similarity to the optical 
model reaction cross section (Feshbach et al. 1953). It differs from this 
by referring only to the formation of the Compound Nucleus instead of 
referring to all processes. In spite of this difference in principle, the prac- 
tical difference is probably small. Particles emitted in the statistical 
decay have relatively low energy in the main part of the spectrum; thus 
neutrons are emitted with typical energies of 27’, charged particles mostly 
with energies close to the Coulomb barrier (eqn. 4.10). These energies 
are still so low that the contribution of direct processes to the cross section 
is small when the target is in its ground state. The contribution of direct 
processes is probably small also when the target nucleus is in an excited 
state. ‘The appropriate optical model and inverse cross sections should 
therefore be close. 

The main difference between optical model and inverse cross sections 
is rather a difference in parameters. Nuclei in their ground state exhibit 
a rather strong transparency in nuclear reactions. This transparency 
is largely due to the exclusion principle which suppresses many otherwise 
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possible scatterings of the incident particle, and seems to be largely con- 
nected with the specially ordered character of nuclear ground states. 
Qualitatively we therefore expect an excited nucleus to be ‘blacker’ than 
in the ground state; the exclusion principle is of less importance due 
to the increased diffuseness of the nuclear surface in momentum space. 
One therefore expects the imaginary part of the optical model potential 
to be increased for the excited nucleus. 

The approximation of the excited nucleus as a completely absorbing 
black body should therefore be considerably better for the excited than 
for the unexcited nucleus. Tabulations of cross sections for charged 
particles incident on a completely absorbing nuclear square well potential 
exist in several places in the literature (Shapiro 1953, Blatt and Weisskopf 
1952, Thomas 1959) and have been used extensively in the analysis of 
spectra thought to be due to nuclear evaporation. Though we believe 
the argument for using such models for the analysis should be based on 
the reasoning above, it is also obvious that such models account well for 
the major part of penetrabilities and their variation with energy. All 
of these tables are calculated for spherical nuclei with sharp boundaries. 

The increased use of computers in the analysis of evaporation spectra 
has led to the introduction of simple analytic approximations to the inverse 
cross sections. The most current of these is an amelioration of the simple 
sharp cut-off approximation (4.6) of the form 


0 :  E<kB, 


gS 7R(1 +1); E>kB, 


(6.1) 
where c and k are adjustable parameters determined by the best fit of 
eqn. (6.1) to more exact tabulated cross sections. In particular, k is smaller 
than unity, so that particles can be emitted to some extent also below the 
classical barrier B. It is experimentally well known that charged particles 
frequently are emitted in abundance below or close to the classical Coulomb 
barrier. We draw attention to the fact that extreme care must be taken 
in using approximations to the inverse cross section in this region, if the 
actual shape of the spectrum is studied. The reason for this is that the 
inverse cross section for charged particles has a mainly exponential increase 
with energy below the barrier and is not well reproduced there by any 
sharp cut-off approximation. (The use of such an approximation in §4 
was only for qualitative discussions and to give a first orientation on total 
cross sections.) As a consequence the maximum in the energy spectrum 
of the emitted particles results from a delicate balance between two rapidly 
varying functions of energy, the increasing cross section and the exponen - 
tially decreasing level density. The exact condition for maximum is 
obtained from eqn. (4.7) by differentiation and is 
1 
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where 7’ is the nuclear temperature. As the nuclear temperature is 
unrelated to the inverse cross section, the maximum can easily fall below 
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the classical barrier. From eqn. (6.2) it is clear that it is necessary to use 
approximations to the inverse cross section which have correct fractional 
change in the neighbourhood of the maximum (6.2) in order to reproduce 
the shape of the spectrum correctly. The tabulated cross sections as cited 
previously do not suffer from the drawback of the sharp cut-off approxi- 
mation. 

The excited nucleus does not necessarily have the same size or shape as 
the nucleus in its ground state ; even a classical body undergoes for instance 
a thermal dilatation with increasing excitation. In the nuclear case such 
changes may have a profound effect on the emission probability of charged 
particles, because a change of the effective radius will affect the height of 
the Coulomb barrier, usually reducing it. In this way particles will be 
emitted with energies that ordinarily would be forbidden. This is the 
reason for the discussion above of the exact conditions of the position of the 
maximum of the energy spectrum of the emitted particles. Before briefly 
discussing some different possible mechanisms for nuclear expansion, we 
emphasize the desirability that assumptions about the variation of nuclear 
level densities with energy are eliminated as far as possible from conclu- 
sions about nuclear expansion drawn from charged particle emission. This 
may be done by using level densities determined from neutron evaporation 
to the same residual nucleus. 

The magnitude of the thermal dilatation of the nucleus has been estimated 
by Le Couteur (1950) on the basis of a model nucleus consisting of free 
particles with nucleon-nucleon interactions given by a Gaussian potential. 
He finds that the effective radius of the nucleus is changed from the un- 
dilated value R, to a radius Rk, where 


2 
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in terms of the temperature ft, the Fermi energy e€, and the reduction factor y, 
which is the effective mass in units of the nucleon mass. This effect is small; 
at 400 Mev and A= 100 the thermal expansion of eqn. (6.3) is about 10% 
and at 40 Mev excitation 1°% only. 

In the excited nucleus the occupied particle orbits will extend further 
in space than in the ground state. This gives rise to an increased diffuseness 
of the nuclear radius which again may manifest itself by a reduced effective 
barrier. Lane and Parker (1960) have recently investigated this effect in 
the case of a plane nuclear surface of infinite extension. They find that the 
effect is very small in most cases, but increases with excitation energy. 
Bagge (1938) investigated the influence of surface waves on the emission of 
particles from a nucleus considered as a liquid drop. He found that a 
nucleus with an initially sharp surface will have an effective mass 
distribution with a diffuse surface at high excitation. For a nucleus of 
A=80 the diffuseness region is about 20° of the nuclear radius at 200 Mey 
of excitation. In view of our greatly increased knowledge about nuclear 
surface waves, it would be desirable to have a modern reinvestigation of 
this effect which should be very important for highly excited nuclei. 
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As a whole there has been considerable difficulty of finding plausible 
effects which theoretically give rise to appreciable reductions of Coulomb 
barriers below 50 Mev of excitation. Experimentally there is at present 
no clear evidence for any energy dependent Coulomb barrier below approxi- 
mately 50 Mev of excitation. The very strong variation with energy of the 
Coulomb barrier found in (p, «)-reactions (Fulmer and Cohen 1958, 
Fulmer and Goodman 1960) has not been found in (x, «’)-reactions 
(Fulbright et al. 1959) and (p, «)-reactions (Brady and Sherr 1960) on 
neighbouring elements and with similar excitation energies and is thus in 
some doubt. At very high excitations where appreciable reductions are 
expected theoretically the evidence is not clear, but indicates strongly 
such reductions. The uncertainty of interpretation is mainly due to 
insufficient knowledge of level densities in this region. 


§ 7. MuLtTreLE Emission oF PARTICLES 


In this section we will only briefly discuss the problem of successive 
evaporation of particles, as this and connected questions are well covered 
in the current literature. This field has recently been reviewed by 
Le Couteur (1958), to whom we refer for earlier references. Later these 
problems have been studied by Monte Carlo calculations in a series of 
papers (Dostrovsky, Rabinowitz and Bivins 1958, Dostrovsky, Fraenkel 
and Rabinowitz 1958, 1960, Dostrovsky, Fraenkel and Friedlander 1959, 
Dostrovsky, Fraenkel and Winsberg 1959) and using analytic expressions 
by Le Couteur and Lang (1959). The reactions involving multiple 
emissions are of two types. 

1. The relatively low energy reactions in which a Compound Nucleus is 
formed initially with high probability in the sense previously discussed. 

2. The high energy reactions, in which the rapid incident particle first 
produces an initial cascade of other particles by direct collisions with the 
nucleons in the target nucleus, which can approximately be considered a gas 
of free Fermions (Goldberger 1948). While many of the particles in the 
cascade are ejected from the nucleus, a certain number stay inside, still 
colliding with other nucleons and ejecting some of these. When the 
energy of these particles is reduced to a few times 10 Mev the reflection at 
the nuclear surface becomes important and the system will tend to develop 
towards an equilibrium system in the previous sense. This equilibrium 
system will therefore be produced with a wide range of excitation energies 
’ and evaporation takes place in the same way as in case I. 

The multiple decay of an equilibrium system proceeds by the evapora- 
tion of a first particle, leaving the residual nucleus with a probability of 
different excitations determined by the energy of the evaporated particles 
and the reaction Q-values. From such an excited nucleus new particles are 
emitted with competition between different modes of de-excitation in the 
ordinary way until the entire excitation energy is disposed of. This process 
obviously takes place in such a way that energy and angular momentum 
is conserved for each step in the decay. While physically no new assump- 
tions enter into this problem, the great complexity of the decay, when 
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many particles are emitted, leads to a relatively large uncertainty if 
parameters for level densities or inverse cross sections have to be determined. 
This is due to the unfolding which necessitates specific assumptions. The 
results are however qualitatively in very good agreement with statistical 
theory. 

The problem of unfolding the complicated decay is even more acute when 
the incident particle initiates a primary cascade. In addition to the 
evaporation decay it is then necessary to obtain the initial distribution of 
excitation energies from which the statistical decay begins, which thus 
introduces an additional uncertainty. Also in this case there is a good 
general agreement with statistical theory both with respect to general 
trends of spectra, excitation functions and cross sections and to the 
extrapolated parameters of the nuclear level density. 

An important practical method to evaluate the relative competition 
between different de-excitation modes is to follow a number of decays taken 
at random by a Monte Carlo technique. This yields a good idea of how 
often different decays occur. This technique was first applied by Rudstam 
(1956). 

A problem which poses itself in this type of calculation is the energy at 
which the nucleus can be considered an equilibrium system. This energy 
is in part determined by the condition that the cascade particles should 
have attained a kinetic energy which is sufficiently low for them to be 
reflected at the nuclear surface, and particularly in reactions initiated by 
very high energy particles, by the condition that the equilibrium system 
must have a lifetime that is at least of the order of the nuclear relaxation 
time. It is not obvious that this latter condition can be fulfilled at excita- 
tion energies above 100Mev. We will return to this question in the dis- 
cussion of the lifetime of the Compound System in § 10. 


§ 8. Emission oF COMPLEX PARTICLES 


As we have emphasized several times in the preceding sections, the 
decay of the intermediate Compound System is entirely governed by phase 
space in the Statistical Model. If we study processes with very small 
phase space, any application of the statistical theory has to be made with 
great care, because any special reaction mechanism to produce the same 
result can easily make much larger contributions. We can however expect 
the Statistical Model to give a lower limit at least, to the observed cross 
section if the bulk of the entire reaction passes through a Compound 
Nucleus. From the phase-space point of view there is no discrimination 
between the emission of neutrons, «-particles, *He or even heavier particles. 
We should even be able to produce heavy nuclei in their excited states, 
taking this picture to its extreme, so that fission should become a special 
case. In view of the special problems involved in fission we refer to the 
discussion in the next section. 

While the emission of complex entities heavier than «-particles in general 
is disfavoured by high barriers and Q-values, it is on the other hand favoured 
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by statistical factors. Even if we do not consider the possibility of emission 
to excited states, inspection of eqn. (4.7) reveals that the statistical factor 
is g, u, with g,=2s,+1 and p, the mass of the particle. The mass factor is 
proportional to A and even the statistical weight due to the ground state 
spin is sometimes rather large. For example, the combined statistical 
weight for the ground state of SLi (s,=2) is twenty times larger than for 
neutrons. The calculations of the cross sections for the emission of complex 
particles is completely straight forward on the basis of the Statistical 
Model with the provision that excited states have to be included in the 
calculation with Q-values different from that of the ground state. 

The production of complex particles like *He, Li, Be and B becomes 
appreciable when the projectile has energies of 100 Mev or more and is in 
magnitude of the cross section of the order of millibarns. This reaction 
mechanism for the production was first proposed by Camerini et al. (1952) 
and has since been investigated more in detail by Hudis and Miller (1958) 
and Dostrovsky et al. (1960). The agreement between calculated cross 
section and excitation functions and the experimental ones is surprisingly 
good. ‘The experiments are all induced by very energetic protons so that 
the initial reaction is a cascade as discussed in the previous section, followed 
by a subsequent slower de-excitation. The lifetime of an equilibrium 
system on the basis of the Statistical Model itself (see § 10) is rather short 
for the relevant excitation energies; it is not evident that these results 
indicate the existence of a long-lived equilibrium system as an intermediate 
state, at least not in the sense we have discussed it previously. The agree- 
ment between evaporation theory and these experiments may rather be 
regarded as a pure phase space effect, as the phase space available to these 
complex particles is considerably larger than might have been thought off- 
hand. It is thus possible that we are here dealing with a case which 
indicates the usefulness of the Statistical Model regarded only as a phase 
space description. It may then have an approximative validity outside 
its ordinary range of applicability. 

While the emission of particles heavier than a-particles occurs mainly at 
high excitation energies, it is possible to have ‘curious’ emissions at lower 
excitation. In addition to evaporation of D, ?H and *He the phase space 
for the emission of the deuteron in its excited state, D*, and of the hypo- 
thetical di-neutron, 5, two neutrons in a quasi-bound state, is not neligible. 
Both of these cases represent the same singlet two nucleon state. D* is 
known to be a virtual state, unbounded by ~60xKev. It has thus 2-3 Mev 
higher Q-value than the ground state. The penetrabilities being the same 
as for the ordinary deuteron we therefore immediately conclude that its 
relative probability of emission compared to ground state deuterons is of 

2.8 


the order of te *’ if the nuclear temperature is a constant 7’. The 
factor 4 is due to the statistical spin factors. ‘The excited deuteron has of 
course a very short lifetime; the width of the virtual state is however 
sufficiently small that the proton and neutron should remain close to each 
other, until the emitted ‘particle’ has come many nuclear radii from the 
nucleus. It will then disintegrate into a free neutron and a free proton 


2L 
'P.M.S. 


490 T. Ericson on the 


with very similar energies and closely correlated in angle. An estimate of 
the relative cross section for the excited deuteron compared to the ground 
state deuteron gives about 3-10% in light and medium weight elements. 

In the case of the possible di-neutron we again expect to be dealing with 
an unbound state, firstly because a bound or long-lived di-neutron has been 
searched for several times (Fenning and Holt 1948, Ferguson and Montague 
1952, Cohen and Handley 1953), secondly because of the probable charge 
independence of nuclear forces. As before we expect this entity to reveal 
itself by a strong angular correlation of the outgoing neutrons. This 
process will occur in competition with the (2n) emission from which it has 
to be separated. With the di-neutron state unbound by about 50 kev the 
angular correlation should be of the order of 10°. Comparing the di- 
neutron cross section to the (27) cross section we have, assuming geometrical 
inverse cross section for the di-neutron, a constant nuclear temperature and 
complete decay of the compound nucleus by secondary neutrons after 
emission of the first : 
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py and p,, are the factors describing the odd—even effect of the level densities 
in the residual nucleus after di-neutron and first neutron emission, B,, is 
the binding energy of the second neutron. Equation (8.1) represents a 
lower limit for the di-neutron cross section. While the ratio above is 
rather small, the strong angular correlation will increase the feasibility of 
observation considerably because the two successively emitted neutrons 
are nearly uncorrelated in angle. The percentage of di-neutrons to (2n) 
emission increases also when the excitation energy of the intermediate 
nucleus is brought closer to the (2n) threshold. 

We want to emphasize that the above considerations about D* and 6 
are not strongly model dependent and an emission of this kind should be 
associated with almost any reaction mechanism due to phase space. Even 
the relative percentages are probably not greatly different from the 
estimates. 

§ 9. STATISTICAL FISSION 

As in the case of emission of complex particles which we discussed in the 
preceding section, it is also possible to regard nuclear fission as being entirely 
governed by the phase space available after the process (Fong 1956). 
In the case of fission there need be little doubt that one of the essential 
conditions for statistical decay, a long lifetime of the intermediate system, 
is fulfilled. A phase-space description of the fission process is complete in 
the sense that it predicts the final result uniquely: angular distribution of 
the fragments, mass distribution, velocity distribution, number of neutrons 
emitted before and after fission, and even the ratio of fission to neutron 
emission, if the quantities which enter the description are known. On the 
other hand this description again avoids the question of a detailed dynamics 
of the process. While this probably is permissible in the previously 
discussed cases, it is not necessarily so in the case of fission. The relative 
slowness with which the nucleus passes the fission barrier gives the nucleus 
the possibility to remain in a quasi-equilibrium state, in which part of its 
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internal energy goes into potential energy. The nucleus can then be in a 
state at the saddle-point which is so ordered that the available phase space, 
which governs the process, is determined rather by properties at the saddle 
point than by the phase space of the final fission products. The saddle 
point may then provide a ‘bottleneck’ through which the process is 
forced to pass. This situation is particularly probable close to the fission 
threshold. The study of fission widths in this region has revealed that they 
fluctuate in a manner typical of a decay through one or a few channels in 
spite of the many decay possibilities available and in contrast to what is 
expected from a completely statistical decay. 

This feature can be understood from the description of fission on the basis 
of the unified model of deformed nuclei (A. Bohr 1955). When the fissioning 
nucleus has reached the saddle-point, it has become cold and organized ; 
it will then have the characteristics of a strongly deformed nucleus close to 
its ground state. In particular, there will be a quasi-spectrum of excited 
‘states’ associated with the saddle-point. Each of these states will be 
specified by particular symmetry, angular momentum and projection of 
the angular momentum on the axis of the deformed nucleus, in complete 
analogy to the situation in ordinary deformed nuclei. The fission will 
therefore take place through these ‘quasi-states’; it will be governed 
by the properties of the particular one of these channels which is responsible 
for the fission. After the nucleus has passed the saddle point, the further 
development of the system is expected to be governed mainly by the avail- 
able phase space, though the specific properties of the fissioning channel 
still can influence the result. 

As the excitation energy of the Compound Nucleus is increased well 
above fission threshold, it is again possible that the statistical arguments 
become valid due to the large density of virtual levels at the saddlepoint 
and their strong overlap in energy. It is in this spirit that we will examine 
fission as a statistical process. 

Our approach will be the same as in the discussion in §5, and we will 
include angular momentum conservation in the treatment. Certain 
aspects of the influence of angular momentum on statistical fission have 
been considered by Pick—Pichak (1958). The important difference from 
the previous discussion is that there now are two residual nuclei left in 
excited states with excitation energies #,* and H,* and spins j, and jg. 
Thus, the total excitation energy U goes partly into the kinetic energy # 
of the fragments, partly into excitation energy H*=H,*+H,* of the 
fragments and partly into their binding energy. We can in analogy with 
eqn. (5.14) et seq. write the decay probability per unit time of the system 
of spin I with a level density p,(I) into excited nuclei of level densities 
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The penetrability T,“?(Z) is that for shooting two excited nuclei towards 
~ each other in such a way that they amalgamate into a Compound Nucleus. 
Equation (9.1) can be considerably simplified with respect to the spin and 
angular momentum variables, if the most probably populated states in the 
residual nuclei are excited to well above the ground state. Application of 
the nuclear spin distribution as given by eqn. (5.17), i.e. the notion that 
part of the excitation energy is due to rotational motion, gives when 
introduced into Siege and p(H.*, jo) 
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Introducing new variables with j =j,+j, this integral can.be integrated to 
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We have now brought the expression for the probability into a form which 
closely resembles that which occurs when one particle is emitted. The 
principal difference is the replacement of the level density of the single 
residual nucleus by the folded level density of the two ior ee nuclei and 
for the angular momentum effects the replacement of o,? by the sum 
o,?+0,%. Itis thus possible to proceed from eqn. (9.3) to caleulate angular 
distributions and the kinetic energy distributions of the fission fragments, 
if the penetrabilities T{"?(#) are known. The cross section for fission 
results by substitution into eqn. (5.19). It is possible to take over most of 
the results from § 5. 

We will however make an additional approximation. The angular 
momentum barrier is very low for fission and of the order of a few kev only. 
The restrictions on angular momentum due to the cut-off factors o,? and o,2 
in the residual nucleus are therefore of much larger importance than the 
change in penetrabilities ; it should therefore be a good approximation to 
replace the penetrabilities T;"”(#) by their value for /=0, T,(Z), as long 
as the initially brought in angular momentum is not very high. After 
this replacement the penetration factor does not enter the integral over land 
j in eqn. (9.3) and this can be integrated explicitly. The pertinent part of 
(9.3) in this repect is 
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This clearly exhibits that the direction of emission n is preferably 
perpendicular to I as in the case of complete alignment. The decoupling 
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If the orbital angular momentum of the projectile causing fission is entirely 
responsible for the spin I of the compound nucleus, we can easily average 
over all directions perpendicular to the beam direction. We will do this in 
a somewhat round-about way which exposes the extremely strong similarity 
to the result for the fission angular distribution in the unified model 
(A. Bohr 1955, Halpern and Strutinski 1958). Thus averaging eqn. (9.4) 
over the azimuthal angle of 4 we have 
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We have here denoted the projection of j on n, n.j, by m; J,(x) is the 
Bessel function of zeroth order and @ is the angle between the direction 
of emission and the beam direction. The eqn. (9.5) for the fission angular 
distribution is formally identical to the expression obtained by Halpern 
and Strutinski (1958); it differs only in the constant o,?+ 0,2 which they 
denote by K,? and associate with the distribution of the projection K on the 
nuclear symmetry axis of the angular momentum (cf. eqns. (3.58) and 
(3.70)). Itis thus apparent from eqn. (9.5) that the projection of the total 
angular momentum on the direction of motion of the fragments will have 
very similar restrictions in both unified and statistical fission. a>, 

Finally taking eqns. (9.3) and (9.5) together, the probability of fissioning 
into fragments 1 and 2 with kinetic energy F in centre of mass system is 
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The comparison of the decay probability of fission, eqn. (9.6), with 
eqns. (5.19) and (5.26), immediately gives the fission cross section. 
Assuming that the Compound Nucleus decays predominantly by neutron 
emission, which is not a good approximation close to neutron threshold 
but otherwise is often valid, and that angular momentum restrictions can 
be neglected in the neutron decay due to its low orbital angular momentum, 
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we obtain in the evaporation approximation for the neutrons that the total 
decay probability P(/) is 
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where U,, is the maximum excitation of the residual nucleus after neutron 
emission and 7’, the nuclear temperature. Thus the ratio of the fission 
decay probability for the particular decay studied P,,(1; #, n) to the 
total decay probability is 
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Rather detailed comparison of the mass distribution, the distribution of 
kinetic energy of the fission fragments etc, neglecting angular momentum 
' effects have been carried out by Fong (1956), Newton (1956) and Cameron 
(1958). While these calculations give reasonable overall agreement be- 
tween the experimental results they are sensitive to the actual Q-values for 
the different fission modes and the form of the level densities which are used. 
It should be noted however that none of these quantities is arbitrary in 
principle and that this sensitivity is itself no argument against the statis- 
tical model for fission. On the other hand the pure Statistical Model for 
fission is certainly not applicable close to threshold, where the fission process 
is strongly indicated to pass via a ‘cold’ nucleus at the saddle point. 

We want to emphasize that effects, which sometimes are thought to 
prove that fission occurs according to the unified model (A. Bohr 1955, 
Strutinski 1956), are also easily explained by the Statistical Model. We 
noted previously the analogy in the description of angular distributions 
where the result was identical but for a parameter. A comparison of the 
experimental value of this parameter, which corresponds to the analysis 
of Halpern and Strutinski (1958), shows that the use of rigid moments of 
inertia to calculate o,?+0,* from eqn. (3.33) yields approximately the 
same result. ‘The difference in the two models is in their detailed quanti- 
tative predictions, rather than in their qualitative predictions, at high 
excitation. Similarly the appearance of strong fission anisotropies in 
reactions which first proceed by evaporation of neutrons (Halpern and 
Strutinski 1958, Griffin 1959) with subsequent fission is in complete accord 
as well with the Statistical Model as with the unified model. It is possible 
that studies of actual cross sections may provide a more crucial test of the 
validity of the model. We draw attention to the fact that the study of 
the emission of complex particles as discussed in the previous section may 
also throw light on the fission process, in particular on the existence or not 
of a ‘bottle neck’ for the process. 
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§ 10. LireTIME oF THE CompouND StaTE 


The very basis of the Statistical Model is the assumption of a long-lived 
intermediate compound system. If this assumption is not valid the 
application of the principle of detailed balance from which we derived the 
theoretical expressions for cross sections, angular distributions, etc., is no 
longer permitted. It is also necessary for the system to have achieved 
equilibrium. This demonstrates the necessity to insure that the Statistical 
Model is internally consistent; that the lifetime is not shorter than the 
relaxation time. In the next section we will also see that the lifetime of the 
Compound System is intimately connected with the fluctuations of cross 
sections and angular distributions away from the mean values, which 
again necessitates an approximate knowledge of the lifetime. 

We will in both cases need the lifetime estimates at fairly high excitation 
energies. In order to obtain a simple and useful, though somewhat crude 
expression, for the lifetime we observe that under these conditions neutron 
emission is most probable. The emission of protons is inhibited by the 
Coulomb barrier, but can sometimes become as probable as neutron emission 
in medium weightelements. Our estimates for neutrons only will therefore 
give an upper limit for the lifetime, mostly better than to within a factor of 
2, but it is hardly expected to differ by more than this from the estimate. 
We furthermore observe that in the case of neutron emission angular 
momentum restrictions will not strongly influence the decay, and we will 
therefore neglect them. 

The probability of decay per unit time for this case is given by eqn. (4.2). 
The inverse cross section for neutrons is closely approximated by zf?, the 
maximum excitation energy of the residual nucleus is U —B,, where U is 
the excitation energy of the Compound Nucleus and 6, the neutron 
binding energy. In the evaporation approximation the lifetime due to 
neutron emission, 7,, is then 
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where 7’ is the nuclear temperature. For the discussion of lifetimes and 
relaxation times in the nucleus the natural time scale is the passage time of a 
light signal through the nucleus, 2x AS? sec. At high excita- 
tion we can regard the nuclear temperature as that typical of a free gas of 
particles and put the temperature 7 =(10U /A)t2 (eqn. (3.46)); we also 
introduce R=r, A¥? with r9=1-4x 10-'%cm. The lifetime 7 is then 
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where the energy Uisinmev. The ratio po(U)/pp(U) contains the odd-even 
effect in the level density. In the further estimates we will neglect this 


factor. 
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According to eqn. (10.2) the lifetime of the Compound System of a 
typical nucleus of A=100 and B,=8Mev is about 50000 times 2R/, at 
18 Mev excitation (77=1Mev); at 200Mev excitation (7’=4-5 Mey) it is 
only about 6 times 2R/,. The short lifetime at 200 Mev excitation shows 
clearly that at excitation energies of this magnitude there is serious doubt 
on the consistency of the Statistical Model; the lifetime is so short that 
there is no clear separation between fast and slow processes. The appro- 
priate quantity with which to compare the lifetime is obviously the re- 
laxation time. As the interactions cannot propagate faster than a light 
signal, the relaxation time is always larger than 2#/,. A lower limit of the 
relaxation time is obtained by considering the interactions to propagate 
with a speed of the order of the average velocity of a nucleon or by the sound 
velocity in nuclear matter (C'/10 to C/3) (Glassgold ef al. 1959). Even in 
this case we can hardly expect an instantaneous equilibrium to be achieved 
and the relaxation time is thus larger than 5-10 times 2R/,. Therefore as 
we reach excitation energies of the order of 100 Mev and higher the influence 
of nuclear non-equilibrium processes such as partial excitation of the 
nucleus (Bethe 1938) will become increasingly dominant. 

We have several times emphasized that the Compound Nucleus when it 
represents a system which is averaged over a sufficiently large energy interval 
(cf. § 11) represents a complete analogy witha classical system. In particu- 
lar, it is possible to associate a moment of inertia 7 (eqn. (3.33)) and an 
angular velocity w= 2z/tyot with it. We must require that the rotation 
time Trot of a classical equilibrium system is so long that the periphery 
does not attain light velocity; indeed it has even to be longer than the 
relaxation time. Ifwenow compare the quantal expression for the angular 
momentum, //, to its classical value 7 w, the rotation time is 

TF 20 
Trot = FIP 
To get an estimate of the rotation time we replace the moment of inertia by 


the rigid body value for a spherical nucleus and express the result in units of 
2R/o: 


(10.3) 
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As we previously found that the relaxation time is at least of the order of 
5-10 in these units and probably another order of magnitude larger, the 
relation (10.4) is not readily fulfilled in light elements and for high angular 
momenta. This is easily understood, because the peripheral collisions 
which have the highest angular momenta, are least likely to lead to 
Compound Nucleus formation. This is at least one of the reasons for the 
preponderance of direct interactions in the case of light elements. The 
limitations on the Statistical Model imposed by the rotation time are often 
more stringent than the lifetime restrictions. If the latter restriction is 
violated, we should not have much hope of describing angular distributions 
by the Statistical Model ; it is still possible that a sufficiently high fraction 


of the process passes by Compound Nucleus formation to make it a useful 
description for total cross sections. 


Trelaxation* 


Statistical Model and Nuclear Level Densities 497 


Recently Wilets (1959) has made an estimate of the relaxation time of the 
Compound Nucleus. He considers the nucleus as initially being in a 
particular state and that the probability of the system developing into 
other, more complicated states behaves analogously to diffusion. Thus, the 
real and virtual transitions will completely specify the probability of 
excitation of the other components at a later time, provided the decay of the 
system can be neglected, because the probability flux depends directly on 
the transition rate. The calculation is based on the unified model. The 
relaxation mechanism is ascribed to the coupling between particle and 
collective excitation modes. Assuming a nuclear level density which 
varies as e°"” with the excitation energy U he obtains at high energy the 
relaxation time 
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Here Vy is the depth of the nuclear well and fiw, = 40 A-" Mev is the shell 
model oscillator frequency. The applicability of this formula is expected 
to be above 10 Mev ofexcitation. Thisrelaxation time is surprisingly short ; 
at 100 Mev of excitation it is still only of the order of 100 in our previous 
units. 

This result should still be taken with some care, in particular as a 
number of approximations go into eqn. (10.5). Itisstillinteresting that the 
relaxation time comes out to be very short. If this result could be more 
firmly established it would greatly increase our understanding of the 
Statistical Model and its limitations. 


§ 11. FLUCTUATIONS OF CROSS SECTIONS AND ANGULAR DISTRIBUTIONS 


We have previously emphasized several times the central role played 
by the concept of an average in the Statistical Model ; in fact the assumption 
that cross sections can be regarded as smoothly varying functions of 
energy beside the assumption of a compound state must be considered as 
the very basis of this model. It has however little meaning to deal with 
averages, if there is no way of evaluating the fluctuations which inevitably 
are associated with the averages. These fluctuations may, at least in 

“special cases, be so large as to render the entire treatment meaningless ; 
they will also indicate deviations from the predictions based on the strictly 
averaged quantities. Thus, the appearance of such deviations must be 
considered a natural part of the model. In view of the importance of 
understanding the influence of fluctuations in the Statistical Model, it is 
surprising that this problem is untreated with the exception of the unpub- 
lished estimates by Feshbach (1955) and Lane and Lynn which refer to the 
region of non-overlapping levels. No estimates have been made for the 
continuum region. In this section we will therefore attempt to obtain 
the magnitude of the fluctuations and their effects in different cases. 

In describing the fluctuations it is necessary first to describe the 
fluctuations which occur when the energy resolution of the incident beam 
is microscopically fine, and the reaction proceeds to a specific state of the 
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residual nucleus. With this knowledge it is then comparatively easy to 
estimate the fluctuations when the resolution of the beam is finite and when 
the transitions take place to many states. The Statistical Model describes 
the reaction in two steps, first the formation of the Compound Nucleus 
and secondly its decay. The cross section for a reaction going to a final 
state |x’) from the initial state |v) is proportional to the absolute square 
of the matrix element (a’|S|a), where S is the ordinary scattering matrix. 
The compound assumption implies that it is possible to split the S-matrix 
into a product S_f(H, %,)S,, where S, leads into the Compound System 
and S,, out of it. The factor f(Z, “,) represents the probability amplitude 
with which compound states |i) (for which #,|i)=H,|)) are excited 
with energies different from the excitation energy #; the appearance of 
this factor is due to the energy uncertainty caused by the finite lifetime 
of the Compound Nucleus. The cross section o,,, is thus proportional to 
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We emphasize that the compound system does not necessarily consist 
of one state only; in the region of overlapping levels it consists of a large 
number of states and it is not possible without further assumptions to split 
the matrix elements of eqn. (11.1) into two independent, non-interfering 
parts. 

The levels in the intermediate Compound Nucleus provide a complete 
set for the description of that system. If we try to express these levels 
as linear combinations of ordinary shell model states, for example, these 
combinations will be enormously complex as the close spacing of the states 
implies a strong mixing even with weak residual interactions. The vector 
S,|x), which is a vector of fixed length in the vector-space spanned by all 
the state-vectors of the intermediate nucleus, has little to do with any 
particular one of these vectors, though correlations between them occur, if 
we study large enough energy regions. If we thus consider only the levels 
of the intermediate nucleus in a limited energy-interval, it is possible to 
regard that part of S|,«) which is projected on |i) as being a vector with a 
random direction. ‘The condition for this to be possible is obviously that 
the projection on this sub-space only represents a small part of the total 
length of S,|«). A consequence of the assumption of random direction 
is that the projection of S,|«) on any one of the vectors |i ) can be considered 
a random number with a Gaussian distribution. The application of the 
idea of random matrix elements to the description of the fluctuations of 
widths and spacings of levels seen in neutron resonances has been very 
successful and we will use this approximation as the basis for our further 
discussion. For an up-to-date discussion of the present situation in this 
field we refer to Porter and Rosenzweig (1960), where previous references 
can be found. 

A simple argument for the Gaussian distribution of the random matrix 
elements is obtained by considering rotations in the space spanned by 
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the vectors |i )+. Suppose a vector of given length has a random direction 
in an N-dimensional space with projection x; on the different orthogonal 
axes. ‘The mean value of this projection is obviously 0 and the mean square 
of x,” is the same for all axes, as none is singled out. We denote this mean 
square by a. There will be a probability distribution for xj, f(x;), Which 
must also be independent of the particular axis. The entire coordinate 
system is now rotated to a new random position. As the original vector 
was at random, it will still be at random with respect to the new axes and 
the probability distribution for the new projection x,’, f (x;’), must be the 
same as before. Expressing the new projection 2,’ in terms of the old vy 


a,j => By ° . . ° ° . . . (11.2) 


where the f,; are ordinary transformation coefficients for an orthonormal 
transformation and satisfy 
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Thus we can regard «,’ in eqn. (11.2) as the sum of N random variables 
B,;%;, each with a mean value 0 and a mean square value 6,7a?. The sum 
of a large number of such terms is a typical random walk problem, which 
we discussed earlier in § 3 in connection with spin distributions. Essentially 
independent of the detailed distribution functions for the xz, the mean 
square for x,’ is given by 
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and the distribution function is a Gaussian with this dispersion. 
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From this we conclude that the distribution f(x,) for the projections of a 
random vector on an axis in a many-dimensional system must be Gaussian. 
We notice that when the number of dimensions is large, the different 
projections can be considered as independent of the fixed length of the 
vector. 

It can be immediately concluded from eqn. (11.5), that the square Ora 
random projection, y;, which is the quantity entering in the transition 
probability, has a Porter-Thomas distribution (1956) 


(11.5) 
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This distribution is strongly fluctuating. Its mean value is 7, but the 
fluctuations give rise to a mean square deviation, (y;—¥g)?, which is 29°. 


+ A somewhat similar argument based on rotations in configuration space is 
given by Porter and Rosenzweig (1960) for matrix elements of the residual 


interactions in the intermediate nucleus. 
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11.1. Non-overlapping Levels 


We are now in a position to estimate the fluctuations in cross sections 
and angular distributions for the case of non-overlapping compound states. 
The reaction proceeds through specific resonances with definite spin and 
parity. Equation (11.1) can thus be simplified, because there is only one 
intermediate compound state |i). The cross section is proportional to 


04/0 [Co SUES GIS. Jad [8 ake ee ee 


Both of the squared matrix elements in eqn. (11.7) will fluctuate inde- 
pendently according to the Porter-Thomas distribution. If eqn. (11.7) is 
averaged over N compound levels |i), each of which decays to n different 
states in the final nucleus over which we also average, the associated 
fluctuation away from the average cross section o,,, is thus of the order 


1 1 
aid Deine es we Vn 
Pat jaa AAI ~r5) (S13) 


Thus, as far as the total cross section o,,, is concerned, the average over 
final states has little influence on its fluctuations, because ” is always 
larger than or equal to unity. The average is performed experimentally 
by using a beam with a spread of incident energy AH#;. The number of 
states in the Compound Nucleus, V, over which the average is performed 
is thus 


N= ARs et ee eee 


Here p, is the effective level density of the Compound Nucleus, i.e. with all 
effectively participating spins and parities. Similarly the average in the 
final state is performed over the n states which can be reached effectively 
from a particular compound level. The energy region over which the 
average is performed is due to the initial energy spread of the beam AZ; 
and to the final resolution AZ,. The number n is therefore 


n=(AH;+ AE s)py er per ue a (11.10) 


where p; is the appropriate effective level density for final states. 

In order to discuss fluctuations in the angular distribution it is necessary 
to take the interference effects between different angular momenta properly 
into account; the simple eqn. (11.7) is no longer sufficient. We will use 
the formulation of reaction cross-sections for unpolarized targets by Blatt 
and Biedenharn (1952). The differential cross section is expressed in 
terms of the scattering amplitudes multiplied by geometrical factors. 
The properties we are going to exploit are extremely simple in spite of the 
rather complicated notation. Let J be the total angular momentum of 
the system, s and s’ the channel spins of the initial and final states, J 
the orbital angular momentum of the incident particle, / the orbital angular 
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momentum of the outgoing particles and L the order of Legendre poly- 
nomials in the expansion of the angular distribution. The differential 
cross section can then be written 


Bas OOO 7B 5\G:8 4708) 1? 5 (0080) ie we ae (de 1) 
where B, (a’s’; as)= 
(—=)* >? ’ bd 
eos Dr Lip dt Ll Lid Ted; sL)Z(l I,J; 8 D)Re[S%, 1, sas 1,S¢ slp; dpal 


(11.12) 

In eqn. (11.12) we have neglected the elastic scattering. The Z-coeffi- 
cients are geometrical factors defined by Biedenharn et al. (1952); we will 
not use their explicit form, but only observe that the coefficients are 0, 
if the angular momenta do not obey triangular inequalities. In particular 
1, and l, as well as J, and J, have to couple to L, and 1, +1,—-Land1,+J,—L 
have to be even numbers. 

An important consequence of eqn. (11.12) due to the fact that only one 
level of the Compound Nucleus enters the reaction, is that the order L 
of the Legendre polynomials necessarily is even. Consequently the angular 
distribution is always strictly symmetrical about 90°, if the levels are non- 
overlapping. 

To obtain the fluctuations of the B,(a’s’; as) we observe that the Z- 
coefficients are slowly varying functions of the angular momenta, if these 
are large. We may thus apply a semi-classical approximation to the 
Z-coefficients and replace them by a continuous function Z(/J/J; 8L), 
etc., when they are different from 0. Restricting the summations of 
eqn. (11.12) to include only permitted combinations of angular momenta, 
we can then take the geometrical coefficients outside the summation sign. 
Furthermore we split the scattering matrix into two parts as previously 
re 
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(11.13) 


where i denotes the compound state. Introducing this into eqn. (11.12) 
we can approximately write B,(a’s’; as) as 


B,(a's’; as) cZ(LJLJ ; SL) Z(LIUS ; 8’L)| SP Sz 4. «PDP 82 


asl; il? 


(11.14) 


where the superscript (L) on the sums indicates that the restrictions implied 
by the Z-coefficients have to be taken into account. While eqn. (11.14) 
is only a crude approximation it should be quite sufficient for an estimate 
of the fluctuations. 

The structure of eqn. (11.14) is extremely similar to eqn. (11.7) for the 
corresponding total cross section. As sums of random numbers again 
are random numbers, we conclude that the coefficients B,(a's’; as) 
fluctuate in a completely similar manner to the corresponding total cross 
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section (which is proportional to By(a's’; «s)). While these coefficients 
thus have rather strong fluctuations, the angular distribution 


Lda 
Opes AY: 


aa 
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has a weaker variation. This is most easily seen when the channel spin 
in the incident channel is 0, so that the resonance is excited only by one 
orbital angular momentum J of the incident wave. In this case eqn. (11.14) 
reduces to 


a’s'l 


B,(a’s'; 00) c ZL; 0L)Z(UI ; 8’L)|SMSL,, «P|SL,, <P 
(11.15) 


The last term in the product, the formation probability of the state 1, is 
thus just a multiplicative factor which is the same for all the 6, and it will 
not affect the angular distribution. The term >/”) S!,,. ; is nthe sum of 
random numbers, and thus a random number ; its square sail thus fluctuate 
according to a Porter-Thomas distribution. Averaging over NV states in 
the Compound Nucleus and v states in the final nucleus the fluctuation in 
the angular distribution is thus of the order 


W (8) = WO(1 ae 


By this fluctuation we mean that each coefficient in the expansion of W(6) 
in Legendre polynomials will fluctuate by a factor 1/+/(nJV). 

When the channel spin is not 0 for the target nucleus, the fluctuations 
in the angular distribution will increase somewhat compared to eqn. (11.16) ; 
they will, however, be smaller than the fluctuations of the total cross 
section. The angular distribution may even fluctuate less than implied 
by eqn. (11.16). The reason for this is that the matrix elements which 
determine the fluctuations of B,(a’s’; as) in eqn. (11.14) are correlated 
for different L-values. The matrix elements, which enter in the sum 

\YSi1, ave to a large extent the same for neighbouring values of 
L; these matrix elements have thus also a tendency to act like a fluctuating 
minltipliontive factor, which does not introduce rapid variations in the 
angular distribution. 

As a conclusion for the fluctuations of reactions involving non-over- 
lapping levels : 

(1) The total cross section o,,, has fluctuations determined essentially 
by the number N of compound levels over which the average is performed 
and does not depend strongly on additional averages in the residual 
nucleus. 

(2) The angular distribution has considerably smaller fluctuations. The 
pertinent average is performed both over the N compound levels and over 
the n states in the residual nucleus reached from each compound level. 
Due to correlation effects the fluctuations are possibly even smaller. 


). Sweeter 
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11.2. Overlapping Levels 


With increasing excitation energy the lifetime of the compound system, 
T, decreases, and the corresponding uncertainty in energy of the compound 
nucleus [=%/7 will thus increase. The energy uncertainty may then be 
so large that a large number of compound states are contained within it. 
We are then dealing with strongly overlapping levels and are in the energy 
region which is usually called the continuum. In the region of non- 
overlapping levels the reaction proceeds through one particular compound 
state, independent of the other. In contrast to this, the uncertainty in 
energy of the Compound nucleus in the continuum region makes it necessary 
to consider simultaneously transitions through all states within the region 
of energy-uncertainty and to take interference effects between these 
states into account. 

The lifetime +, which we calculated in the preceding section, is a slowly 
varying function of the excitation energy due to the strong averaging 
over the final states, which is implied, and the energy uncertainty I is 
therefore also slowly varying. In a certain sense I’ may be regarded as a 
width of the Compound Nucleus; it is however more appropriate to 
regard it as a ‘coherence energy’ within which it is necessary to treat 
matrix-elements between compound states |i) as coherent. 

We can according to eqn. (11.1) write the cross section o,,,, 


Oxy C| D>; Ca’ |S,|0f(Z, B;) [Sa lo) P. na Ee tr 8 2 (11.17) 


where f{(H, H;) is the probability amplitude that the reaction passes by 
state |). The probability amplitude is determined by the coherence 
energy I and has essentially a Lorentzian form: 


1 


LPB EP ame Pea: igre 


(11.18) 

Thus the eqn. (11.17) simply expresses that the reaction is assumed to 
pass through a Compound Nucleus in the region of overlapping levels. 
The important feature of eqn. (11.17) is not the detailed expression of the 
probability amplitude f(Z, #,), but that it is approximately constant within 
the ‘coherence energy’ I’ and small outside. Thus only compound 
states within energies which differ less than I’ from the energy # of the 
system, will effectively participate in the sum of eqn. (11.17). We now 
make the assumption that the matrix elements <o |S,,|) and <i|S,|«) 
have random phases within energy intervals much larger than I’. This 
assumption is thus less restrictive than the assumption of randomness. 
The product (a’|S,|i)<i|S,«) has again a random phase ; it can be shown 
that the sum of a large number of elements with random phases will be 
a random number with a Gaussian distribution. Thus, if there are many 
compound states within the ‘coherence energy’ the sum in eqn. (11.17) is 
a random number and the cross-section will fluctuate strongly for different 
final states. 
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The appearance of strong fluctuations for transitions to isolated states 
in the residual nucleus passing through a Compound Nucleus in the 
continuum region has an extremely interesting consequence. If the 
energy of the projectile is varied by an amount which is small compared to’, 
the sum of matrix-elements in eqn. (11.17) will be practically unchanged, 
because the states |i) which enter will nearly all be identical. As a conse- 
quence o,, will not vary appreciably for changes in the bombarding 
energy small compared to I (we assume infinite resolution in the beam). 
In order to obtain a different value of o,,, it is necessary that the compound 
states |i) in eqn. (11.17) are entirely changed; this can be achieved only 
if the energy is varied by an amount which is at least of the order of [. 
Thus, if cross sections o,, are compared for incident energies which differ 
by more than I’, the cross sections should be expected to exhibit strong 
fluctuations. 

The fact that the cross section o,,, varies only over regions of the order 
of I’ opens the possibility of experimental determination of the ‘ coherence 
energy’ I’, i.e. of the lifetime of the Compound Nucleus. This lifetime is 
predicted by the Statistical Model to be very short, often of the order of 
10-8 to 10-*° sec. Itis thus a lifetime of an order that is difficult to measure 
and it is of considerable interest to know if the predicted and actual lifetime 
are of the same order (cf. § 10). 

In discussing the fluctuations of the averaged cross section it is important 
to keep in mind that the large number of compound states within the 
energy region [' do not ameliorate the average; they must rather be 
treated as one for purposes of average. The average with resolution AH; 
of the incident energy is therefore over NV different degrees of freedom : 

N=AH/T 21. i460 (11.19) 
The average over the n states in the residual nucleus is independent of 
the average over the Compound System. The fluctuations are thus of the 
order 


Hi 1 
vaa'= Sue! (1 + sam) . * e * ° (11.20) 


where n is given by eqn. (11.10). This implies in particular that the total 
reaction cross section for which vn is large will have only small fluctuations ; 
the same is true for all cross sections of large n, as for example the energy 
spectrum of emitted particles when averaged over many states. 

In order to estimate the fluctuations in the angular distribution we 
again make use of the formalism of Blatt and Biedenharn. The coefficients 
B,(«'s’; as) of eqn. (11.11) are in the general case 

___ \s’—8 
By (a's' ; a8) = be ee Die Dod; Digdty Diy ZL Sl oJ 9 38L)Z (lh Tle 938’ L) 
Re [Se > as ly hes ; cite (11.21) 
The difference between this and the preceding expression for non-over- 


lapping levels (eqn. 11,12) is the occurrence of interference terms between 
different total angular momenta J, and J,. By exactly the same argument 
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we applied to demonstrate the randomness of the sum over j in eqn. (11.17) 
and with the same assumption the matrix-element SY, 1: osx 18 @ Yandom 
number. We apply the same approximation to the Z-coefticients as pre- 
viously and regard them as smoothly varying functions of the average 
values, /, J,/, of the angular momenta, and take them outside the sums of 
eqn. (11.21), when non-zero. In contrast to the case of non-overlapping 
levels it is now important to consider parity conservation with care. Each 
matrix-element SY et:as1 Couples the state « to a’ in such a way that 1+] 
is even if they have same parity, odd if they have opposite parity. We 
furthermore recall that l, + /,— Land J, +J,—L both must be even numbers. 
We can thus write eqn. (11.21) in analogy with eqn. (11.14) as 


PDP Soe,aat VP +1 LOPE LP St; eat VP? 


even / 
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In the deviation of eqn. (11.22) it is implicitly assumed that the channel 
spin of the residual nucleus, s’, is large. If both channel spins s and s’ are 
small, the amplitude of the fluctuations will be partially damped parti- 
cularly in the integrated cross-section, less in the angular distribution. 
From eqn. (11.22) we conclude that the coefficients B,(«'s’; as) fluctuate 
as much as the integrated cross section for even L; indeed we notice that 
the particular geometrical influence of the Z-coefficients tend to separate 
terms of odd and even / into independently squared terms, an effect that 
we neglected in the integrated cross-section and which will slightly reduce 
its fluctuation. The expression for the B,(a’s’; as) for odd L consists 
essentially of the same sums as for even L but multiplied instead of squared 
and summed. Its mean value is 0. Thus the fluctuations in the 
B,(a’s’; as) are of the order 


B,(a’'s'; ws) (3 + am) for even L, 
B,(a's’; xs) = (11.23) 


+ By 41(a's’; as) ene for odd L. 


We notice that there is in general nosymmetry of the angular distribution 
about 90° in this case in spite of the many intermediate levels; only by 
further averaging can the assymmetry term be made to disappear. 

As in the case of non-overlapping levels there is a correlation between 
the values of B,(«’s’; «s) for different L. In this case the correlation 
can be strong between the coefficients for different even values of L or 
different odd values of L separately, as is evident from eqn, (11.22). There 
is, however, no correlation in sign between the coefticients of the odd 
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Legendre polynomials and those of the even Legendre polynomials. The 
angular distribution in transitions to one state must therefore be expected 
to be strongly fluctuating due to this effect only. 

As a summary of the fluctuation effects for many strongly overlapping 
levels : 

(1) The total reaction cross section and any integrated cross section 
averaged over many final states will be smoothly varying with energy even 
with infinitely good resolution in the incident beam in agreement with 
ordinary continuum theory. 

(2) The partial cross section to an isolated state will fluctuate strongly 
from state to state. It will also fluctuate with incident energy over energy 
regions larger than the coherence energy I’. 

(3) The angular distribution will be asymmetric about 90° due to inter- 
ference terms which disappear when averaged over many states in the 
final nucleus or over an energy region large compared to I in the inter- 
mediate nucleus. 

We have here attempted some crude estimates of the fluctuations of 
various quantities of the Statistical Model. We have made extensive 
use of the assumption of uncorrelated matrix-elements within small 
regions of energy. While this approximation has had great success in 
the region of neutron resonances, it is not necessarily good in general. 
In particular it is possible to imagine that the contribution from states 
which are far away in energy give a non-random coherent contribution in 
the region of overlapping levels or that approximate sum-rules are of 
importance within the region of the coherence energy. Little is at present 
known about such effects and the approximation of no correlations seems 
most in the spirit of the Statistical Model. The estimates of the fluctuations 
given are very crude and are intended as an orientation. A more detailed 
investigation is needed to obtain detailed quantitative predictions. We 
also want to emphasize that similar fluctuations will occur as a result of 
interference between direct interactions and Compound Nuclear reactions. 


§ 12. ConcLUSION 


The Statistical Model of nuclear reactions is in arather peculiar situation. 
It is now nearly 25 years since N. Bohr (1936) first proposed the existence 
of a long-lived intermediate Compound Nucleus in nuclear reactions. 
In spite of the tremendous impact of this idea on nuclear physics, there has 
hardly been any attempt to establish whether such an intermediate 
system exists and under what circumstances it exists in the case of very 
highly excited nuclei. The very basis for the application of the Statistical 
Model has therefore not been established and its existence has not been 
subject to stringent tests. 

The outstanding present problem of the Statistical Model is therefore to 
establish its region of applicability as a function of projectile, incident 
energy, and target nucleus. While a large number of experiments indicate 
many of the limitations qualitatively, the importance of this problem is 
such that it has to be settled without invoking arguments about level 
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densities and inverse cross sections. The typical experiments to determine 
the regions of validity should therefore use very general consequences 
of the intermediate system and should, for example, test the prediction 
of independence of formation and decay modes of the Compound Nucleus 
as well as possible, This may be achieved either by comparing excitation 
functions or by comparing the energy spectra of particles emitted in 
reactions corresponding to the same Compound Nucleus excited by different 
means. The latter method has the advantage of simultaneously displaying 
the non-compound contributions. 

In any nuclear reaction there will always be a certain probability of 
Compound Nucleus formation. If this probability is small, the description 
in terms of the Statistical Model is still correct for that part of the reaction 
which passes by Compound Nucleus formation; this is, however, no longer 
a useful way of describing the process as a whole. The probability of 
Compound Nucleus formation is largely a question of the relative magnitude 
of the relaxation time for formation of an equilibrium system as compared 
to the lifetime of the nucleus in equilibrium. If the equilibrium system 
has a short lifetime compared to the relaxation time, the probability for 
its formation will be small and the process fast compared to the relaxation 
time. By systematic studies of the probability of formation of the Com- 
pound Nucleus under different circumstances, it should therefore be possible 
to establish a time-scale for the reactions and obtain estimates of the 
nuclear relaxation time. Somewhat similar information may be obtained 
by determinations of the lifetime of the equilibrium system from the 
fluctuation of the cross section with incident energy. 

The theoretical description and understanding of the decay of the 
equilibrium system is rather complete, in so far as it can be ascertained 
that a Compound Nucleus has been formed. Our understanding is mainly 
due to the general nature of the principle of detailed balance, which leads 
to a description of the decay in which the phase space available for the 
decay products plays the dominating role. Nuclear level densities and 
inverse cross sections are important quantities in this phase-space 
description; while we may not have complete information on either of 
these quantities, they are both well-defined concepts and do not alter 
any features of the theory. Therefore, the Statistical Model can be used 
to obtain quantitative information about the excited nucleus: the pro- 
perties of its level density, its Coulomb barrier, its lifetime, whenever it is 
possible to ascertain that a reaction proceeds predominantly by Compound 
Nucleus formation. As previously, a systematic study of the probability 
of Compound Nucleus formation under different circumstances should 
greatly increase the confidence in such quantities as determined from 
nuclear reactions. From a theoretical point of view it should be very useful, 
if level densities could be determined absolutely by statistical reactions, and 
not only their variation with energy. This may be possible by studies 
of transitions to individual states in the residual nucleus. 

The information that nuclear reactions can give on the behaviour of 
nuclear level densities at relatively low energies is extremely important. 


508 T. Ericson on the 


The present problems of nuclear level densities are connected with the 
transition of the spectrum of the nucleus near its ground state, strongly 
dominated by pairing effects, to the spectrum of the highly excited nucleus, 
which seems to be essentially of independent particle character. In order 
to achieve an understanding of this transition, it is thus highly desirable 
to know the detailed behaviour of the level density and its spin distribution 
between these two regions. While this information in part can be obtained 
by direct measurements of the states involved, the small spacing between 
states at higher excitation makes it necessary to rely on nuclear reactions 
in this region. 

In a direct interaction process a particle is ejected immediately after 
the initial interaction of the projectile with the target; in a statistical 
process on the other hand this emission takes place only after the projectile 
has caused a long and complicated chain of collisions of the target nucleons. 
These two types of reactions are therefore the one-collision and the many- 
collision limits of the nuclear reaction. From this point of view it is there- 
fore unnatural to regard these two limits as inherently opposed; they are 
only asymptotic limits of the same picture, and they are both present to 
lesser or larger extent in any reaction, as well as contributions from inter- 
mediate processes. The Statistical Model often implies small cross sections 
for certain reactions, even when the bulk of the total reaction process 
goes by Compound Nucleus formation. This may be due to unfavourable 
Q-values and Coulomb barriers; it may also occur in transitions to indi- 
vidual states due to their small statistical weight. In these cases it is only 
possible to ascertain that the Statistical Model predicts a minimum cross 
section. Any special type of reaction mechanism which yields the same 
result with higher cross section will automatically dominate this particular 
reaction. The occurrence of special processes with cross sections larger 
than the statistical cross section is by no means contrary to the Statistical 
Model; they have only been left out of this asymptotic description of the 
reaction. Only if the cross section becomes smaller than implied by the 
Statistical Model is any real discrepancy present. 

The Statistical Model is sometimes regarded as predicting only the 
crude overall properties of nuclear reactions. In contrast to this, the 
model makes very definite and precise predictions, which have a very 
general basis theoretically. The uncertainty in the description is entirely 
due to the fact that it only predicts the decay of an equilibrium system 
and that other contributions are not accounted for. When it is known 
that the process proceeds by Compound Nucleus formation the Statistical 
Model is firmly founded theoretically. The analysis of the reaction 
according to this model then provides a very useful tool for the quantitative 
study of the properties of the excited nucleus. 
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